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Evolution of magnetic fields around a Kerr black hole

Li-Xin Li
Harvard-Smithsonian Center for Astrophysics, Cambridge, Massachusetts 02138

~Received 23 May 2002; revised manuscript received 23 October 2002; published 25 February 2003!

The evolution of magnetic fields frozen to a perfectly conducting plasma fluid around a Kerr black hole is
investigated. We focus on the plunging region between the black hole horizon and the marginally stable
circular orbit in the equatorial plane, where the centrifugal force is unable to stably balance the gravitational
force. Adopting the kinematic approximation where the dynamical effects of magnetic fields on the fluid
motion are ignored, we exactly solve Maxwell’s equations with the assumptions that the geodesic motion of the
fluid is stationary and axisymmetric, the magnetic field has only radial and azimuthal components and depends
only on time and radial coordinates. We show that the stationary state of the magnetic field in the plunging
region is uniquely determined by the boundary conditions at the marginally stable circular orbit. If the mag-
netic field at the marginally stable circular orbit is in a stationary state, the magnetic field in the plunging
region will quickly settle into a stationary state if it is not so initially, in a time determined by the dynamical
time scale in the plunging region. The radial component of the magnetic field at the marginally stable circular
orbit is more important than the toroidal component in determining the structure and evolution of the magnetic
field in the plunging region. Even if at the marginally stable circular orbit the toroidal component is zero, in the
plunging region a toroidal component is quickly generated from the radial component by the shear motion of
the fluid. Finally, we discuss the dynamical effects of magnetic fields on the motion of the fluid in the plunging
region. We show that the dynamical effects of magnetic fields are unimportant in the plunging region if they are
negligible on the marginally stable circular orbit. This supports the ‘‘no-torque inner boundary condition’’ of
thin disks, contrary to the claim in the recent literature.

DOI: 10.1103/PhysRevD.67.044007 PACS number~s!: 04.70.2s, 97.60.Lf
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I. INTRODUCTION

It is widely believed that accretion disks around Ke
black holes exist in many astrophysical environments, ra
ing from active galactic nuclei to some stellar binary syste
@1,2#. People usually assume that the inner boundary o
thin Keplerian disk around a Kerr black hole is located at
marginally stable circular orbit, inside which the centrifug
force is unable to stably balance the gravity of the cen
black hole @3,4#. In the disk region, particles presumab
move on nearly circular orbits with a very small inward r
dial velocity superposed on the circular motion, the grav
of the central black hole is approximately balanced by
centrifugal force. As disk particles reach the margina
stable circular orbit, the gravity of the central black ho
becomes dominate over the centrifugal force and the
ticles begin to nearly free-fall inwardly. The motion of flui
particles in the plunging region quickly becomes superso
then the particles lose causal contact with the disk, as a re
the torque at the inner boundary of the disk is approxima
zero ~@5–9#, and references therein!. This is usually called
the ‘‘no-torque inner boundary condition’’ of thin accretio
disks.

Some recent studies on the magnetohydrodynam
~MHD! of accretion disks have challenged the ‘‘no-torq
inner boundary condition.’’ Magnetic fields have been de
onstrated to be the most favorable agent for the visc
torque in an accretion disk transporting angular momen
outward ~@10# and references therein!. By considering the
evolution of magnetic fields in the plunging region, Krol
@11# pointed out that magnetic fields can become dyna
cally important in the plunging region even though they a
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not so on the marginally stable circular orbit, and argued t
the plunging material might exert a torque to the disk at
marginally stable circular orbit. With a simplified mode
Gammie @12# solved Maxwell’s equations in the plungin
region and estimated the torque on the marginally stable
cular orbit. He demonstrated that the torque can be q
large and thus the radiation efficiency of the disk can
significantly larger than that for a standard accretion d
where the torque at the inner boundary is zero. Furtherm
Agol and Krolik @13# have investigated how a nonzer
torque at the inner boundary affects the radiation efficien
of a disk.

Numerical simulations of MHD disks@8,14–17# have
greatly improved our understanding of disk accretion p
cesses. These simulations show that the magneto-rotat
instability effectively operates inside the disk and leads
accretion, though the accretion picture is much more com
cated than that assumed in the standard theory of accre
disks. Generally, the disk accretion is nonaxisymmetric a
strongly time-dependent. It is also found that, as disk ma
rial gets into the plunging region, the magnetic stress at
marginally stable circular orbit does not vanish but smoot
extends into the plunging region@15–17#, though the effect
is significantly reduced as the thickness of the disk g
down@8,15#. Furthermore, the specific angular momentum
particles in the plunging region does not remain consta
which implies that the magnetic field may be dynamica
important in the plunging region@15–17#. All these results
are fascinating and encouraging. Unfortunately, due to
limitation in space resolution and time integration, stationa
and geometrically thin accretion disks are not accessible
the current 2D and 3D simulations. So it remains uncl
©2003 The American Physical Society07-1
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how much insight we can get for stationary and geome
cally thin accretion disks from these simulations@9#.

Instead of small-scale and tangled magnetic fields in
accretion disk transporting angular momentum within
disk, a large-scale and ordered magnetic field connectin
black hole to its disk may also exist and play important ro
in transportation of angular momentum and energy betw
the black hole and the disk@18–22#. RecentXMM-Newton
observations of some Seyfert galaxies and galactic b
hole candidates provide possible evidence for such a m
netic connection between a black hole and its disk@23–25#.

All these promote the importance of studying the evo
tion and the dynamical effects of magnetic fields aroun
Kerr black hole.

In this paper, we use a simple model to study the evo
tion of magnetic fields in the plunging region around a K
black hole. We assume that around the black hole the sp
time metric is given by the Kerr metric; in the plungin
region, which starts at the marginally stable circular orbit a
ends at the horizon of the black hole, a stationary and
symmetric plasma fluid flows inward along timelike geod
sics in a small neighborhood of the equatorial plane. T
plasma is perfectly conducting and a weak magnetic fiel
frozen to the plasma. The magnetic field and the veloc
field have two components: radial and azimuthal. We w
solve the two-dimensional Maxwell’s equations where
magnetic field depends on two variables: time and rad
and investigate the evolution of the magnetic field. T
model is similar to that studied by Gammie@12#, but here we
include the time variable. Furthermore, we ignore the ba
reaction of the magnetic field on the motion of the plas
fluid to make the model self-consistent, since if the dyna
cal effects of the magnetic field are important the stro
electromagnetic force will make the fluid expand in the v
tical direction. The ignorance of the backreaction of the m
netic field will allow us to analytically study the evolution o
the magnetic field, but it will prevent us from quantitative
studying the dynamical effects of the magnetic field. Ho
ever, we believe that the essential features of the evolutio
the magnetic field in the plunging region are not sensitive
the details of the dynamical effects. To check the se
consistency of the model, we will estimate the dynami
effects of the magnetic field by considering the backreac
of the magnetic field on the fluid motion. We will also di
cuss the self-consistent solutions to the coupled Maxwell
dynamical equations, and look for implications to the ‘‘n
torque inner boundary condition.’’

The paper is organized as follows. In Sec. II we wr
down the Maxwell’s equations for an ideal MHD plasma.
Sec. III we write down the general forms of the magne
field and the velocity field of the plasma fluid around a Ke
black hole. In Sec. IV we solve Maxwell’s equations with t
approximations outlined above. In Sec. V, with the solutio
obtained in Sec. IV, we study the evolution of the magne
field in the plunging region. In Sec. VI, we check if magne
fields can become dynamically important in the plunging
gion. In Sec. VII we draw our conclusions. In the Append
we solve Maxwell’s equations in the disk region, since
want our solutions in the plunging region to be continuou
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joined to the solutions in the disk region.
Throughout the paper we use the geometrized unitsG

5c51 and the Boyer-Lindquist coordinates (t,r ,u,f)
@26,27#, except in the Appendix where cylindrical coord
nates are used.

II. MAXWELL’S EQUATIONS FOR AN IDEAL MHD
FLUID IN A CURVED SPACETIME

In a curved spacetime, Maxwell’s equations are

¹aFab524pJb, ~1a!

¹[aFbc]50, ~1b!

whereFab52Fba is the electromagnetic field tensor, andJa

is the current density 4-vector of electric charge. In Eqs.~1a!
and~1b!, ¹a denotes the covariant derivative operator tha
compatible with metric:¹agbc50; the square brackets ‘‘@ #’’
denote antisymmetrization of a tensor.

For an ideal MHD plasma fluid whose electric resistivi
is zero, the electric field in the comoving frame is zero, i

Ea5Fabu
b50, ~2!

whereua is the 4-velocity of the fluid. In other words, th
magnetic field is frozen to the plasma fluid. Then, the el
tromagnetic field tensorFab can be written as

Fab52eabcdB
cud, ~3!

whereBa is the magnetic field measured by an observer
moving with the fluid ~i.e., having a 4-velocityua), and
eabcd is the totally antisymmetric tensor of the volume el
ment that is associated with the metricgab . By definition,
the magnetic fieldBa satisfies

Baua50. ~4!

The corresponding electromagnetic stress-energy tensor

TEM
ab 5

1

4p S Fc
aFbc2

1

4
gabFcdF

cdD
5

1

4p
B2uaub1

1

8p
B2gab2

1

4p
BaBb, ~5!

whereB2[BaBa.
In the case of MHD, the electric current densityJa is

unknown, but it is only defined by Eq.~1a!. The fundamental
variables are the electric fieldEa and the magnetic fieldBa.
Maxwell’s equations are then reduced to Eq.~1b!. Since in
the comoving frame of an ideal MHD flowEa50 andBa is
related to the electromagnetic tensorFab by Eq.~3!, the dual
of Eq. ~1b! gives @28#

¹a~u[aBb] !50. ~6!

For an ideal MHD fluid Eqs.~1b! and ~6! are equivalent.
Equation~6! can be expanded as

ua¹aBb5Ba¹aub2Bb¹aua1ub¹aBa. ~7!
7-2
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The contraction of Eq.~7! with ub leads to

¹aBa2Baaa50, ~8!

whereaa[ub¹bua is the acceleration of the fluid. In derivin
Eq. ~8! we have used Eq.~4! and the identityuaua521.

Substituting Eq.~8! into Eq. ~7!, we get

ua¹aBb5Ba¹aub2Bb¹aua1ubBaaa. ~9!

The tensor¹aub is decomposed as@29#

¹aub5
1

3
Qhab1sab2vab2uaab , ~10!

where hab[gab1uaub is the space-projection tensor,Q
[hab¹

aub5¹aua is the expansion,sab[¹(aub)2Qhab/3 is
the shear tensor, andvab[2¹[aub] is the vorticity tensor of
the fluid. Here the braces ‘‘~ !’’ denote symmetrization of a
tensor. It is easy to check that

sabu
b5vabu

b50, sabh
ab5sabg

ab50. ~11!

Substituting Eq.~10! into Eq. ~9!, we obtain

ua¹aBb5Ba~sab2vab!2
2

3
QBb1Baaaub , ~12!

which shows that the evolution of the magnetic field is go
erned by the expansion, the shear, the vorticity, and the
celeration of the fluid. The contraction of Eq.~12! with Bb

gives

1

2
ua¹aB25BaBbsab2

2

3
QB2, ~13!

where we have usedBaBbvab50 and Eq.~4!.
We note that with the space-projection tensorhab , Eq. ~8!

can be written as

hab¹
aBb50, ~14!

which says that the spatial divergence of the magnetic fiel
zero.

In terms of differential forms, the tensorFab is a closed
2-form, then the Maxwell equation~1b! can be written as
dF50 @27,30#. Using Stokes’ theorem and Eq.~2!, it can be
shown that for a perfect conducting fluid the magnetic fl
threading any two-dimensional spatial surfaceS is un-
changed as the surface moves with the fluid

FB[E
S
F5const. ~15!

This is the mathematical formulation for the statement t
magnetic field lines are frozen to a perfectly conduct
fluid.
04400
-
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III. PARTICLE KINEMATICS AND MAGNETIC FIELDS
AROUND A KERR BLACK HOLE

Now let us assume that the background spacetime is
outside of a Kerr black hole of massM and angular momen
tum Ma, where 2M<a<M . In Boyer-Lindquist coordi-
nates, the Kerr metric is@26,27#

ds252S 12
2Mr

S Ddt22
4Mar

S
sin2udtdf1

S

D
dr21Sdu2

1
A sin2u

S
df2, ~16!

where

D[r 222Mr 1a2, S[r 21a2cos2u,

A[~r 21a2!22Da2sin2u. ~17!

A Kerr black hole usually has two event horizons: an inn
event horizon and an outer event horizon, whose radii
given by the two roots ofD50 @31#. What is relevant in this
paper is the outer event horizon, so whenever we talk ab
the ‘‘event horizon’’ we always mean the outer event ho
zon, whose radius is

r H5M1~M22a2!1/2. ~18!

Let us define an orthonormal tetrad attached to an
server comoving with the frame dragging of the Kerr bla
hole, $e0

a ,e1
a ,e2

a ,e3
a%, by

e0
a[

1

x F S ]

]t D
a

1vS ]

]f D aG ,
e1

a[S D

S D 1/2S ]

]r D
a

, e2
a[

1

S1/2S ]

]u D a

,

e3
a[S S

AD 1/2 1

sinu S ]

]f D a

, ~19!

where

x[S SD

A D 1/2

, v[
2Mar

A
, ~20!

which are, respectively, the lapse function and the fra
dragging angular velocity. Asr→r H , we havex→0 andv
→VH , where

VH5
a

2Mr H
~21!

is the angular velocity of the event horizon. Then, t
4-velocity of the fluid,ua, can be decomposed as

ua5G~e0
a1v r̂e1

a1v ûe2
a1v f̂e3

a!, ~22!

where (v r̂ ,v û ,v f̂) are the components of the 3-velocity o
the fluid relative to the observer comoving with the fram
7-3



g
gu
s

he
ag

by

-

s

ym-
lu-
d
e

all

s

at,
s
are
ise

as-
the

ne
ic

LI-XIN LI PHYSICAL REVIEW D 67, 044007 ~2003!
dragging, andG[(12v r̂
2
2v û

2
2v f̂

2 )21/2 is the Lorentz fac-
tor. Inserting Eq.~19! into Eq. ~22!, we have

ua5GF 1

x S ]

]t D
a

1v r̂ S D

S D 1/2S ]

]r D
a

1
v û

S1/2S ]

]u D a

1
V

x S ]

]f D aG ,

~23!

where

V[v1xv f̂S S

AD 1/2 1

sinu
~24!

is the angular velocity of the fluid.
The specific angular momentum of a fluid particle is

L5S ]

]f D a

ua5
GA sin2u

xS
~V2v!5Gv f̂S A

S D 1/2

sinu.

~25!

Obviously,L50 whenV5v. Thus, an observer comovin
with the frame dragging of a Kerr black hole has zero an
lar momentum@32#. The specific energy of a fluid particle i

E52S ]

]t D
a

ua5Gx1Lv. ~26!

In Eq. ~26!, the termLv represents the coupling between t
orbital angular momentum of the particle and the frame dr
ging of the Kerr black hole. When the particle moves on
geodesic,L andE defined above are conserved@26,27,29#.

The magnetic fieldBa, which satisfies Eq.~4!, can be
decomposed as

Ba5~Br̂v r̂1Bûv û1Bf̂v f̂!e0
a1Br̂e1

a1Bûe2
a1Bf̂e3

a ,
~27!

from which we have

B2[BaBa5Br̂
2
1Bû

2
1Bf̂

2
2~Br̂v r̂1Bûv û1Bf̂v f̂!2.

~28!

Inserting Eq.~19! into Eq. ~27!, we have

Ba5
1

x
~Br̂v r̂1Bûv û1Bf̂v f̂!F S ]

]t D
a

1vS ]

]f D aG
1Br̂ S D

S D 1/2S ]

]r D
a

1
Bû

S1/2S ]

]u D a

1
Bf̂

sinu S S

AD 1/2S ]

]f D a

;

~29!

and, correspondingly

Ba52x~Br̂v r̂1Bûv û1Bf̂v f̂!dta1Br̂ S S

D D 1/2

dra

1BûS1/2dua1Bf̂S A

S D 1/2

sinu~dfa2vdta!. ~30!
04400
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IV. SOLUTIONS OF MAXWELL’S EQUATIONS

The Maxwell equations that we want to solve are given
Eq. ~6!. In terms of coordinate components, Eq.~6! takes a
very simple form

1

A2g

]

]xa
@A2g~uaBb2ubBa!#50, ~31!

wherexa5(t,r ,u,f), g is the determinant of the metric ten
sor gab , ua[uadxa

a andBa[Badxa
a are, respectively,

ut5
G

x
, ur5Gv r̂ S D

S D 1/2

, uu5
Gv û

S1/2
, uf5

G

x
V,

~32!

and

Bt5
1

x
~Br̂v r̂1Bûv û1Bf̂v f̂!,

Br5Br̂ S D

S D 1/2

, Bu5
Bû

S1/2
, Bf5

Bf̂

sinu S S

AD 1/2

1vBt.

~33!

Because of the constraint Eq.~4!, among the four equation
of Eq. ~31! only three are independent.

Since the background spacetime is stationary and axis
metric, we can look for stationary and axisymmetric so
tions with]/]t5]/]f50. However, since we are intereste
in the time evolution of magnetic fields, we will keep th
]/]t terms on magnetic fields but adopt that]/]f50. To
simplify the problem, we further assume that in a sm
neighborhood of the equatorial plane~i.e., up/22uu!1),
uu5Bu50 ~i.e., v û5Bû50). This assumption, which ha
also been used by Gammie@12#, ensures that]uu/]u
5]Bu/]u50 on the equatorial plane. We emphasize th
when]/]tÞ0, this assumption holds only if the fluid move
geodesically, which requires that the magnetic fields
weak and their dynamical effects are negligible. Otherw
the electromagnetic force will makeuu andBu nonzero ex-
cept exactly on the equatorial plane. Thus, hereafter we
sume that fluid particles move on timelike geodesics in
plunging region. This assumption will be justified later.

Now, let us focus on solutions on the equatorial pla
(u5p/2). Considering the fact that for the Kerr metr
A2g5S sinu5r2 on the equatorial plane, Eq.~31! is re-
duced to

]

]t
@r 2~utBb2ubBt!#1

]

]r
@r 2~urBb2ubBr !#50. ~34!

For b5r ,t, Eq. ~34! gives

]

]t
@r 2~urBt2utBr !#50,

]

]r
@r 2~urBt2utBr !#50,

~35!

respectively. The solution of Eq.~35! is
7-4
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utBr2urBt5
C0

r 2
, ~36!

whereC0 is a constant. With Eq.~15!, it can be checked tha
2pC0Du is the magnetic flux threading the two-dimension
surface defined by t5constant,r 5constant,up/22uu
<Du/2 and 0<f,2p.

For b5u, Eq. ~34! is automatically satisfied sinceuu

5Bu50 in a small neighborhood of the equatorial pla
everywhere and all the time.

For b5f, Eq. ~34! gives

]

]t
@r 2~utBf2ufBt!#1

]

]r
@r 2~urBf2ufBr !#50. ~37!

From the constraint Eq.~4!, we have

Bf52
1

uf
~Brur1Btut!. ~38!

Substituting Eq.~36! for Bt into Eq. ~38!, we obtain

Bf52
1

uruf
F ~utut1urur !B

r2
C0ut

r 2 G . ~39!

Now, substitute Eq.~36! for Bt and Eq.~39! for Bf into Eq.
~37!, we obtain a first order partial differential equation

S ut
]

]t
1ur

]

]r DC~ t,r !50, ~40!

where

C~ t,r ![
1

uf
~r 2Br1C0ut!. ~41!

In deriving Eq.~40! we have used]ua/]t50. Equation~40!
simply says thatC is conserved along the worldline of
fluid particle:ua¹aC50. Let us define

t~r ![E
r 0

r ut

ur
dr, ~42!

which is the coordinate time interval spent by a fluid parti
to move fromr 5r 0 to r. Then Eq.~40! can be written as

S ]

]t
1

]

]t DC~ t,t!50. ~43!

The solution of Eq.~43! is simply

C5C~ t2t!, ~44!

i.e. C is a function oft2t.
Equation~44! gives a ‘‘retarded’’ solution to Eq.~43!: at

any timet the solution at radiusr is given by the solution a
an earlier timet2t(r ) at the radiusr 0. Thus, a variation in
the magnetic fields at anyr will propagate with the fluid
motion ~Fig. 1!. The solution is unique if a suitable bounda
04400
l

or initial condition is imposed. For example, if a bounda
condition is given ont50: C(t50,t)5C1(t), then the so-
lution is C(t,t)5C1(t2t). In order for the solution to ex-
ist for a region specified byt.0 in thet,t-space, the bound
ary functionC1(t) must be defined on the wholet-axis:
2`,t,`. Similarly, if a boundary condition is given on
t50 ~i.e., r 5r 0): C(t,t50)5C2(t), then the solution is
C(t,t)5C2(t2t). In this case, in order for the solution t
exist for a region specified byt.0 in the t,t-space, the
boundary functionC2(t) must be defined on the whol
t-axis: 2`,t,`.

We can also specify the boundary condition in anoth
way

C~ t50,t>0!5C1~t!, C~ t>0,t50!5C2~ t !. ~45!

Then, the solution of Eq.~43! is

C5H C1~t2t !, 0<t<t,

C2~ t2t!, 0<t<t.
~46!

That is the value ofC in region 0<t<t ~region I! is deter-
mined by the value ofC on the boundaryt50,t>0; and the
value ofC in region 0<t<t ~region II! is determined by the
value ofC on the boundaryt50,t>0 ~see Fig. 2!. In order
for the solutions to be smoothly matched on the diagonal
t5t>0 separating region I and region II,C1(t) andC2(t)
must be smoothly matched att5t50:

C1~0!5C2~0!,
dC1~t!

dt U
t50

52
dC2~ t !

dt U
t50

. ~47!

Given the solution ofC in Eq. ~44!, we can solveBr from
Eq. ~41!, then solveBf from Eq. ~39!. The results are

Br5
1

r 2
~2C0ut1Cuf!, ~48a!

FIG. 1. The retarded nature of the solution given by Eq.~44!. A
time variation in the magnetic field at radiusr 0 will lead to the same
variation in the magnetic field at radiusr 1,r 0 at a later time, as-
suming the fluid moves toward smaller radii~i.e. toward the central
black hole!. The time delay is given by the time needed by a flu
particle moving fromr 0 to r 1.
7-5
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Bf5
1

r 2ur
@2C0utu

f1~11ufuf!C#. ~48b!

Using Eq.~36!, we obtain

Bt5
1

r 2ur
@2~11utut!C01utufC#. ~49!

Note thatBt, Br , andBf satisfy the constraint Eq.~38!, so
among the three components only two are independent.

From Eqs.~32!, ~33!, ~48a!, ~48b!, and the fact thatut
5ua(]/]t)a52E anduf5ua(]/]f)a5L, we can solve for
Br̂ andBf̂

Br̂5
C0E1CL

rD1/2
, ~50a!

Bf̂5
~C0E1CL !~V2vv r̂

2
!G

Exrv r̂

1
C

Erv r̂

, ~50b!

where Eqs.~25! and ~26! have been used to simplify th
expression forBf̂ . Since we focus on the solutions on th
equatorial plane, here and hereafter we setS5r 2, and usex,
v, andA to refer their values atu5p/2. Note, in the solu-
tions in Eqs.~48a! and~48b! @or, equivalently, Eqs.~50a! and
~50b!# all the dependence on timet is contained in the func-
tion C.

FIG. 2. A sketch of the solution given by Eq.~46!, correspond-
ing to the boundary conditions given by Eq.~45!. The parametert
is defined by Eq.~42!, which is the coordinate time needed by
particle moving from radiusr 0 to radiusr. So,t50 corresponds to
r 5r 0, andt5` corresponds to the black hole horizonr 5r H . The
coordinate time is represented byt. In this figure, the worldlines of
fluid particles are represented by straight linest5t1constant. If
the boundary conditions are imposed on the axes as shown in
figure @Eq. ~45!#, the solution in the region between thet-axis and
the dashed linet5t ~i.e., region I! is determined by the boundar
condition on thet-axis, the solution in the region between thet-axis
and the dashed line~i.e., region II! is determined by the boundar
condition on thet-axis.
04400
Since we assume that the fluid particles move on geo
sics, the specific angular momentumL and the specific en-
ergyE are constants. IfC is also a constant, the combinatio
C0E1CL is a constant, which we denote asC1. Then, Eqs.
~50a! and ~50b! become

Br̂5
C1

rD1/2
, ~51a!

Bf̂5
C1G~V2vv r̂

2
!

Exrv r̂

1
C

Erv r̂

, ~51b!

which are stationary solutions of Maxwell’s equations.
If the black hole is a Schwarzschild black hole~i.e., the

specific angular momentuma50), the stationary solutions
are reduced to

Br̂5
C1

xr 2
, ~52a!

Bf̂5
C1L

Er3v r̂

1
C

Erv r̂

, ~52b!

whereE5Gx, L5Gx21Vr 2, andx25122M /r . The non-
stationary solutions can be obtained by replacingC1 with
C0E1CL.

V. EVOLUTION OF MAGNETIC FIELDS
IN THE PLUNGING REGION

We are interested in the evolution of magnetic fields in
plunging region in the equatorial plane betweenr 5r ms, the
marginally stable circular orbit, andr 5r H , the event horizon
of the black hole.

For direct circular orbits~i.e., corotating withL.0)
around a Kerr black hole, the radius of the marginally sta
orbit is given by@32#

r ms5M $31z22sign~a!@~32z1!~31z112z2!#1/2%,
~53!

where sign(a)51 (0,21) if a.0 (50,,0), and

z1[11S 12
a2

M2D 1/3F S 11
a

M D 1/3

1S 12
a

M D 1/3G ,
~54a!

z2[S z1
213

a2

M2D 1/2

. ~54b!

The angular velocity of a particle geodesically moving on t
marginally stable circular orbit is

Vms5S M

r ms
3 D 1/2F11aS M

r ms
3 D 1/2G21

. ~55!

he
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From Eqs.~24!, ~53!–~55!, we can calculate the circular ve
locity on the marginally stable circular orbit by

v f̂,ms5
Ams

1/2

r msxms
~Vms2vms!, ~56!

the corresponding Lorentz factor byGms5(12v f̂,ms
2 )21/2,

specific angular momentumLms by Eq. ~25!, and specific
energyEms by Eq. ~26! ~settingu5p/2 and r 5r ms). Here
and hereafter the subscript ‘‘ms’’ represents the valuesr
5r ms.

Now let us choose the boundary radiusr 05r ms, the con-
served specific angular momentum and specific energy t

L5Lms~12d!, E5Ems, ~57!

where 0,d!1. That is we keep the specific energy t
same as that on the marginally stable circular orbit, but
crease the specific angular momentum by a little amo
Then, we can calculate the Lorentz factor atr 5r ms, corre-
sponding to the specific energy and the specific energy sp
fied by Eq.~57!, by

G05
1

xms
~E2Lvms!; ~58!

and the corresponding boundary values ofv f̂ and v r̂ at r
5r ms by

v f̂05
Lr ms

G0Ams
1/2

, v r̂052S 12v f̂0
2

2
1

G0
2D 1/2

. ~59!

From Eqs.~25! and~26!, we can calculateG, V, v f̂ , and
v r̂ at anyr by

G5
1

x
~E2Lv!, ~60a!

V5v1
Lx2r 2

A~E2Lv!
, ~60b!

v f̂5
Lxr

A1/2~E2Lv!
, ~60c!

v r̂52F12
x2

~E2Lv!2 S 11
L2r 2

A D G 1/2

, ~60d!

whereE and L are given by Eq.~57!. The parametert de-
fined by Eq.~42! can then be calculated with

t~r !5E
r ms

r r

xv r̂D
1/2

dr. ~61!

With the above formulas at hand, we can calculateBr̂ ,
Bf̂ , and B25Br̂

2
1Bf̂

2
2(Br̂v r̂1Bf̂v f̂)2 at any r by Eqs.

~50a! and ~50b!, giving the constantC0 and the function
C(t2t). To determineC0 and C, we need to specify the
04400
be

-
t.

ci-

boundary conditions for the magnetic field. We will consid
stationary solutions and nonstationary solutions separate

A. Stationary solutions

It is straightforward to specify the boundary conditio
for stationary solutions~i.e. solutions withC5constant). To
determine the solutions, we need only specify the values
Br̂ andBf̂ at r 5r ms: Br̂0 andBf̂0. Then, by Eqs.~51a! and
~51b!, we have

C15Br̂0xmsAms
1/2, ~62a!

C5Bf̂0Ermsv r̂02Br̂0G0Ams
1/2~V02vmsv r̂0

2
!, ~62b!

where C15C0E1CL, V0 is the angular velocity corre
sponding tov f̂0

V05vms1
v r̂0r msxms

Ams
1/2

. ~63!

With the C1 and C determined above, we can calcula
Br̂ , Bf̂ , andB25Br̂

2
1Bf̂

2
2(Br̂v r̂1Bf̂v f̂)2 at anyr by Eqs.

~51a! and~51b!. SinceBr̂ andBf̂ linearly depend onBr̂0 and
Bf̂0, it is sufficient to study the effects ofBr̂0 andBf̂0 sepa-
rately. The results for any linear combination ofBr̂0 andBf̂0
are simply linear superpositions of the results forBr̂0 and
Bf̂0 separately.

In Fig. 3 we show the evolution results ofBf̂ with the
boundary conditionBf̂5Bf̂0 andBr̂50 at r 5r ms, for dif-
ferent spinning status of the black hole and different valu
of d that specify the kinetic boundary conditions of the flui
All quantities are scaled to the mass of the black hole so
do not need to specify the value ofM. SinceBr̂ does not
depend onBf̂0 , Br̂ is always zero. SinceC150 and E
5constant,Bf̂ evolves according toBf̂}(rv r̂)

21. Though
in the plunging regionr decreases,uv r̂ u grows faster except a
the neighbor ofr ms. So the evolution ofBf̂ is dominated by
the variation ofv r̂ . Thus, as fluid particles get into th
plunging region,Bf̂ decreases quickly as clearly shown
Fig. 3. This radial expansion effect is not sensitive to the s
of the black hole, but very sensitive to the value ofd ~or,
effectively, the initial value ofv r̂). As d decreases~i.e.,
uv r̂0u}d1/2 decreases!, the fluid expands more as it gets in
the plunging region, so the value ofBf̂ decreases more.

In Fig. 4 we show the evolution results ofBr̂ ~dashed
lines! and Bf̂ ~solid lines! with the boundary conditionBr̂
5Br̂0 andBf̂50 at r 5r ms. Though atr 5r ms we haveBf̂
50, in the plunging regionBf̂ becomes nonzero sinceBf̂
depends on bothBr̂0 andBf̂0 @Eqs.~51b!, ~62a! and ~62b!#.
This is the manifestation that the shear motion of the fluid
the plunging region generatesBf̂ from Br̂ . The radial com-
ponent of the magnetic field,Br̂ , increases gradually as th
fluid enters the plunging region, according toBr̂
}(rD1/2)21, and blows up on the black hole horizon whe
D50. The shear motion of the fluid does not amplifyBr̂ ,
which echos with the fact thatBr̂ is always zero if it is zero
at r 5r ms ~Fig. 3!. SinceBr̂ does not depend onv r̂ , there is
7-7
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only one dashed line in each panel of Fig. 4. In comparis
the toroidal component,Bf̂ , increases more quickly in th
transition region, since the shear motion of the fluid mag
fies Bf̂ . This is more prominent for small values ofd ~i.e.
small uv r̂0u), sinceBf̂}v r̂

21
@Eq. ~51b!# and v r̂ is close to

v r̂0 as the particles just leave the marginally stable circu
orbit. For small values ofd, Bf̂ increases sharply as the flu
just gets into the plunging region, then decreases a little
due to the radial expansion of the fluid. UnlikeBr̂ , Bf̂ is
always finite on the black hole horizon. We see thatBr̂ and
Bf̂ evolve in very different ways.

From Fig. 4 we also see that the evolution of the magn
field in the plunging region depends on the spin of the bla
hole, though not very sensitively. Interestingly, the toroid
component and the poloidal component depend on the
of the black hole in an opposite way. As the dimensionl
spin parametera/M increases from zero to positive value
the shear amplification effect on the toroidal component
the magnetic field increases~except for the case ofd
51022 for which the amplification effect is not prominent!,
while the amplification of the radial component caused
the compression in the azimuthal direction~i.e., the decrease
in radius r ) decreases. But, ifa/M decreases from zero t
negative values, the shear amplification effect on the toro
component of the magnetic field decreases, while the c
pression amplification of the radial component increases.
opposite dependence for positive and negative spins is p

FIG. 3. Stationary evolution of an initially toroidal magnet
field in the plunging region around a Kerr black hole. Each pa
corresponds to a different spinning state of the black hole, as i
cated by the dimensionless parametera/M . Each curve starts from
the marginally stable circular orbit (r 5r ms, right end!, and ends at
the horizon of the black hole (r 5r H , left end!. At r 5r ms, the
magnetic field is purely toroidal and has a valueBf̂0, and the fluid
particles have specific energy identical to that of the margin
stable circular orbit, and specific angular momentum smaller t
that of the marginally stable circular orbit by a tiny fractiond @Eq.
~57!#. In each panel, each curve corresponds to different value
d: 1022, 1023, 1024 and 1025 ~downward!. The radial componen
of the magnetic field is always zero.
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ably due to the different coordinate distances from the m
ginally stable circular orbit to the black hole horizon fo
black holes of positive and negative spins.

In Fig. 5 we show the evolution ofB2 @defined by Eq.
~28!# with the same boundary conditions in Fig. 4. As t
fluid just enters the plunging region~near the right ends o
curves!, B2 sharply increases due to the small values ofuv r̂ u
there, which is the manifestation of amplification effe
caused by the shear rotation of the fluid. After that, i.e., a
the fluid obtains a large radial velocity~the dashed lines in
the figure!, the amplification effect is reduced but the expa
sion effect becomes prominent@see Eq.~13!#. On the horizon
of the black holeB2 is always finite, so the boundary cond
tions on the horizon is satisfied~@33# and references therein!.

B. Nonstationary solutions

To specify the boundary conditions for nonstationary s
lutions is a little bit complicated. As discussed earlier,
determine the solutions in a region witht.0 andt.0 ~i.e.
r H,r ,r ms) in the t,t-space, we need to specify the boun
ary conditions on the axes (t50,t>0) and (t>0,t50), i.e.
specifyC1(t) andC2(t) @see Eq.~45!#.

As an example, let us assume thatC2(t)5constant, and
Bf̂50 on the axis (t50,t>0). That is the solution on the
boundaryt50 is stationary fort>0, and thef̂-component
of the magnetic field in the plunging region is zero att50.
Equivalently, we specify the boundary conditions as follow

On r 5r ms, t>0: Br̂5Br̂0 , Bf̂50; ~64a!

l
i-

y
n

of

FIG. 4. Similar to Fig. 3 but the magnetic field is initially radia
i.e. Br̂5Br̂0 andBf̂50 at r 5r ms. Solid lines represent the toroida
component of the magnetic field, dashed lines represent the ra
component. Though initially the toroidal component of the ma
netic field is zero, the shear motion of the fluid in the plungi
region generates a toroidal component from the radial compon
The evolution of the radial component does not depend on the
tial kinetic state of the fluid, so there is only one dashed line in e
panel. The four solid lines representing the toroidal componen
the magnetic field correspond to different values ofd: 1022, 1023,
1024 and 1025 ~upward!.
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EVOLUTION OF MAGNETIC FIELDS AROUND A KERR . . . PHYSICAL REVIEW D 67, 044007 ~2003!
On t50, r H,r ,r ms: Bf̂50. ~64b!

Then, if we apply Eqs.~50a! and ~50b! to the boundary at
r 5r ms and t>0, we can solve forC0 and C2. The results
are

C05
Br̂0Ams

1/2

E
@~V02vmsv r̂0

2
!LG01xms#, ~65a!

C252G0Br̂0Ams
1/2~V02vmsv r̂0

2
!. ~65b!

Applying Eq. ~50b! to the boundary att50 and r H,r
,r ms, and substituting Eq.~65a! for C0, we can solve for
C1

C1~t!5C1@r ~t!#, C1~r !5
~V2vv r̂

2
!GEC0

~V2vv r̂
2
!GL1x

,

~66!

wherer (t) is given by the inverse oft(r ). The values ofBr̂
on t50 andr H,r ,r ms is then determined by Eq.~50a!.

With theC1 andC2 determined above, we can obtainC
by Eq. ~46!. This, together with theC0 given by Eq.~65a!,
allows us to calculateBr̂ andBf̂ with Eqs.~50a! and ~50b!
for any radius in the plunging region at any timet.0.

It is easy to check thatC1(t50)5C2, so the solutions
are continuously matched on the linet5t. Since

dC1~t!

dt
5

dC1~r !

dr

dr

dt
5

dC1~r !

dr

xv r̂D
1/2

r
, ~67!

FIG. 5. Stationary evolution ofB25BaBa ~solid curves!. The
boundary conditions are the same as that in Fig. 4. The thin da
line in each panel shows the absolute value of the radial velo
~i.e. uv r̂ u) of the fluid, corresponding tod51025. If we choose a
different value ofd, the curve for the radial velocity will chang
slightly: the right end will change according touv r̂ u}d1/2, the left
end always approaches 1~i.e. the speed of light!. ~For brevity,
lg@B2/Br̂0

2
# anduv r̂ u use the same scale as labeled on the left sid

the box in each panel.!
04400
the solutions are smoothly matched on the linet5t only in
the limit v r̂050 since then we havedC1 /dt505
2dC2 /dt at t5t50. If v r̂0 is not zero but small (uv r̂0u
!1), the solutions are approximately smoothly matched
the line t5t if udC1(r )/dru is not large atr 5r ms.

In Figs. 6–8 we show the results for the nonstationa
evolution of magnetic fields. Each figure corresponds to
different spinning state of the black hole. In Fig. 6a/M
50, in Fig. 7a/M50.99, while in Fig. 8a/M520.9. The
boundary conditions for the magnetic field are given by E
~64a! and~64b!. The kinetic boundary conditions of the flui
are given by Eq.~57!, here we assumed51023. In each
figure, each panel corresponds to the state of the magn
field at a particular moment. Especially, the first~left and up!
panel shows the initial (t50) state of the magnetic field@i.e.
Eqs. ~64a! and ~64b!#. In each panel, the thick dashed lin
showsBr̂ , the thick solid line showsBf̂ , and the thin lines
show the corresponding stationary solutions. Each cu
starts from the marginally stable circular orbit~right end! and
ends on the horizon of the black hole~left end!.

From these figures we see that, though initially the m
netic field is deviated from the stationary state, it evolves
and finally saturates at the stationary state as time goes
Since we hold the magnetic field on the marginally sta

ed
ty

f

FIG. 6. Time evolution of magnetic fields around a Schwar
child black hole~i.e. a50). Each panel corresponds to a particu
moment. Thick solid lines show the toroidal component of the m
netic field ~i.e., Bf̂), and thick dashed lines show the radial com
ponent~i.e., Br̂). The thin lines show the corresponding stationa
state solutions. The fluid particles have specific energy identica
that of the marginally stable circular orbit and specific angular m
mentum smaller than that of the marginally stable circular orbit
a factor ofd51023. The first~left and up! panel shows the initial
and boundary conditions of the magnetic field: onr 5r ms ~right
end!, Bf̂50, Br̂5Br̂0 for all time t.0; in the plunging region
(r H,r ,r ms), Bf̂50 at t50 @i.e., Eqs.~64a! and~64b!; the corre-
spondingBr̂ at t50 is automatically determined by the solutions#.
The figures show that, as time goes on, the magnetic field qui
approaches and saturates at the state given by the stationary
tions. The black dot in each panel shows the radial position o
fluid particle at each moment: initially the particle is atr 5r ms.
7-9
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LI-XIN LI PHYSICAL REVIEW D 67, 044007 ~2003!
circular orbit in a stationary state fort>0 @Eq. ~64a!# and the
fluid moves from the marginally stable circular orbit towa
the horizon of the black hole, the stationary state propag
from the marginally stable circular orbit toward the horiz
of the black hole~i.e., from right to left in the figures!. This
is clearly seen in Figs. 6–8: the magnetic field at a rad
closer to the right end of the curve gets into the station
state earlier. In each panel, with a black dot we show
position of a particle that is at the marginally stable radius
t50, which clearly shows the propagation of the state of
magnetic field with the motion of the fluid. This suggests th
the stationary state of the magnetic field in the plunging
gion is uniquely determined by the boundary conditions
the marginally stable circular orbit.

The figures also show the dependence of the evolutio
the magnetic field on the spin of the black hole. For a bla
hole with a negativea a longer coordinate time is needed f

FIG. 7. Same as Fig. 6 but for a Kerr black hole witha/M
50.99.

FIG. 8. Same as Figs. 6 and 7 but for a Kerr black hole w
a/M520.9.
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most of the fluid in the plunging region to settle into th
stationary state. This is apparently caused by the fact th
black hole with a negativea has a larger coordinate radia
distance from the marginally stable circular orbit to the h
rizon.

VI. CAN MAGNETIC FIELDS BECOME DYNAMICALLY
IMPORTANT IN THE PLUNGING REGION?

In previous sections we have studied the evolution
magnetic fields in the plunging region and seen that magn
fields can be amplified by the convergence~the radial mag-
netic field! and shear motion~the toroidal magnetic field! of
the fluid. Thus, we can ask if magnetic fields can beco
dynamically important in the plunging region assuming th
their dynamical effects are negligible at the marginally sta
circular orbit. We try to answer this question in this sectio

A. Dynamical effects of the magnetic field

Assuming that in the plunging region the gas pressure
the fluid is negligible, then the total stress-energy tenso
the fluid is

Tab5rmuaub1TEM
ab , ~68!

whererm is the mass-energy density of the fluid matter me
sured by an observer comoving with the fluid,TEM

ab is the
stress-energy tensor of the electromagnetic field as given
Eq. ~5!. Then, the equation of motion of the fluid is given b

¹aTab5rmua¹aub1ub¹a~rmua!1¹aTEM
ab 50. ~69!

When Maxwell’s equations are satisfied we have¹aTEM
ab

52FabJb @26#. Then, by Eq.~2!, we haveub¹aTEM
ab 50 for a

magnetic field frozen to the fluid. Therefore, the contract
of ub with Eq. ~69! leads to the equation of continuity@34#

¹aJm
a 50, Jm

a [rmua, ~70!

whereJm
a is the flux density vector of mass. The equation

continuity does not explicitly contain magnetic field var
ables. Since (]/]t)a and (]/]f)a are Killing vectors, Eq.
~69! leads to the conservation of angular momentum a
energy

¹aJL
a50, ¹aJE

a50, ~71!

where

JL
a[S ]

]f D b

Tb
a5S rm1

1

4p
B2DLua2

1

4p
BfBa ~72!

is the flux density vector of angular momentum,

JE
a[2S ]

]t D
b

Tb
a5S rm1

1

4p
B2DEua1

1

4p
BtB

a ~73!

is the flux density vector of energy.
Here we look for stationary and axisymmetric solutions

the plunging region. Then, with the assumptions adopted
7-10
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EVOLUTION OF MAGNETIC FIELDS AROUND A KERR . . . PHYSICAL REVIEW D 67, 044007 ~2003!
this paper, i.e.]/]t5]/]f50, uu5Bu50 and ]uu/]u
5]Bu/]u50, in the equatorial plane the equation of con
nuity is reduced to

d

dr
~r 2rmur !50. ~74!

Similarly, the equations of angular momentum and ene
conservation are reduced to

d

dr H r 2F S rm1
1

4p
B2DLur2

1

4p
BfBr G J 50, ~75!

and

d

dr H r 2F S rm1
1

4p
B2DEur1

1

4p
BtB

r G J 50. ~76!

The solution of Eq.~74! is

rm5
Fm

4pr 2ur
5

Fm

4pGxA1/2v r̂

, ~77!

where Fm54pr 2Jm
r is a constant to be determined by th

boundary conditions, which measures the mass flux ac
radius r. Figure 9 shows the variation of the mass dens
with radius in the plunging region, assuming that fluid p
ticles move on geodesics. The kinetic boundary conditi
are given by Eq.~57!. In each panel~corresponding to a
different spinning state of the black hole!, we show the ratio
of rm/rm0 corresponding to four different values ofd: 1022,
1023, 1024 and 1025, whererm0[r(r 5r ms). We see that
the evolution of the mass density of the fluid sensitive
depends on the value ofd ~or effectively, the value ofuv r̂0u
}d1/2). While for not very smalld ~e.g.,d51022) the varia-
tion of rm is not dramatic, for very smalld ~e.g.,d51025)
the variation ofrm is dramatic: as the fluid gets into th
plunging region the mass density drops sharply. This
caused by the sharp increase in the ratiov r̂ /v r̂0 in the plung-
ing region for smalld.

From Eqs.~75! and ~76! we see that the dynamical rol
played by the magnetic field is characterized by the follo
ing three dimensionless parameters

h1[
B2

4prm
, h2[U BfBr

4prmLurU , h3[U BtB
r

4prmEurU .
~78!

The parameterh1 measures the transfer of angular mome
tum and energy from the fluid particles to the magnetic fie
h2 andh3 measure the transportation of angular moment
and energy from one part to another by the magnetic ten
in the rest frame of the fluid. To justify the assumption th
the effects of the magnetic field on the dynamics of the fl
particles are negligible, we must require that

h1!1, h2!1, h3!1. ~79!
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In Eq. ~78!, rm is given by Eq.~77!, B2 is calculated by
Eq. ~28! ~settingv û5Bû50), BfBr andBtB

r are calculated
by

BfBr5
xA

r 3
Br̂Bf̂ , BtB

r52
xA1/2

r 3
Br̂~xrBr̂v r̂1A1/2Bf̂V!.

~80!

Near the marginally stable circular orbit, we haveuv r̂ /v f̂u
!1, E>LV, and BtB

r'2VBfBr . Therefore, from the
definitions ofh2 andh3, we have

h3'
VL

E
h2<h2 , ~81!

at r'r ms.
From Fig. 9 we see that for smalld the mass densityrm

drops quickly as the fluid enters the plunging region. Ho
ever, the evolution ofB2 in the plunging region sensitively
depends on the orientation of the magnetic field on the m
ginally stable circular orbit. From Fig. 5, the value ofB2

corresponding to an initially radial magnetic field increas
as the fluid enters the plunging region because of the con
gence of the radial magnetic field and the shear amplifica
of the toroidal magnetic field. If the initial magnetic field
purely toroidal, on the other hand, from Fig. 3 we see that
magnetic field keeps purely toroidal in the plunging regi
and the dilution effect arising from the drop in the ma
density makesBf̂ ~and thusB2) decrease in the plunging
region. Therefore, in the plunging region the variation ofh1 ,

FIG. 9. Stationary evolution of the mass density in the plung
region around a Kerr black hole. Each panel corresponds to a
ferent spinning state of the black hole, as indicated by the value
a/M . The right end of each curve corresponds to the margin
stable circular orbit (r 5r ms). The left end of each curve corre
sponds to the horizon of the black hole (r 5r H). The kinetic bound-
ary conditions are given by Eq.~57!. In each panel the four curve
correspond, respectively, tod51022, 1023, 1024 and 1025 ~down-
ward!. The mass density is in units ofrm0—the mass density at the
marginally stable circular orbit.
7-11
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h2, andh3 sensitively depends on the boundary condition
the magnetic field on the marginally stable circular orbit. W
can imagine that, if on the marginally stable circular orbit t
magnetic field is purely radial, then in the plunging regi
B2 increases so the ratioh1 also increases asrm decreases
In such a case,h1 may become close to or even greater th
1 in the plunging region even if it is!1 on the marginally
stable circular orbit, then the dynamical effects of the m
netic field become important in the plunging region. On t
other hand, if on the marginally stable circular orbit the ma
netic field is purely toroidal, then in the plunging regionB2

decreases which causesh1 to decrease also ifB2 decreases
faster thanrm. Therefore, to correctly estimate the dynam
cal effects of magnetic fields in the plunging region, we m
choose a sensible boundary condition for the magnetic fi
on the marginally stable circular orbit.

The magnetic field on the marginally stable circular or
is determined by the MHD processes in the disk region
the disk region (r .r ms), particles move on nearly circula
orbits with uv r̂ u!uv f̂u. As a disk particle moves a finite dis
tance in the radial direction, it has undergone an infin
number (@1) of turns around the central black hole. As
result, the magnetic field lines frozen to the fluid are wou
up around the center an infinite number of times. Therefo
in a stationary state, we expect that the magnetic field in
disk region is predominantly toroidal. In the Appendix w
solve Maxwell’s equations in the disk region and show t
in the stationary state the magnetic field in the disk is lik
to be parallel to the velocity field:Bf/Br5uf/ur . Thus, in
the stationary state, on the marginally stable circular orbit
magnetic field does not take any orientation but the one
satisfies the following condition:

Bfur

Bruf
51. ~82!

On the marginally stable circular orbit, Eq.~82! implies that
uBr̂ u!uBf̂u sinceuv r̂ u!uv f̂u.

From Eqs.~48a! and ~48b!, we have

Bfur

Bruf
511

C

~2C0ut1Cuf!uf
. ~83!

Then, Eq.~82! is satisfied if and only ifC50 on the mar-
ginally stable circular orbit. In the stationary stateC is a
constant, so we have

C50 ~84!

throughout the plunging region. Thus, in the stationary st
Eq. ~82! holds throughout the plunging region@35#.

Inserting Eqs.~32! and ~33! into Eq. ~82!, we obtain

Br̂

Bf̂

5
Erv r̂

GA1/2~V2vv r̂
2
!
. ~85!

We have calculatedh1 , h2, and h3 in the plunging re-
gion, assuming that they all are!1 at r 5r ms and the bound-
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ary condition~84! is satisfied. Atr 5r ms the toroidal mag-
netic field is assumed to beBf̂50.05 in units of (4prm)1/2,
the corresponding radial magnetic fieldBr̂ is then given by
Eq. ~85!. The parameterd is taken to be 1022, 1023, 1024

and 1025, alternatively. The results are shown in Figs.
and 11. From these figures we see that in the plunging reg
the evolution ofh1 , h2 and h3 sensitively depends on th
value of d. For very smalld, h1 , h2 and h3 quickly de-
crease as the fluid gets into the plunging region. This
caused by the fact that a very smalld ~i.e., a very small
uv r̂0u}d1/2) corresponds to a very smalluBr̂0u according to
the boundary condition~82!, while the magnetic field in the
plunging region is predominantly determined byuBr̂0u in-
stead ofuBf̂0u ~see Figs. 3 and 4!. For a moderated ~e.g.,
d51022), h1 , h2 andh3 may increase in the plunging re
gion. However, even in this case, the conditions in Eq.~79!
are always satisfied throughout the plunging region.

B. Self-consistent solutions to the dynamical equations

If we insert the solutions of Maxwell’s equations that w
obtained in Sec. IV into Eqs.~75! and ~76!, then apply Eq.
~77!, we obtain

d

dr
~FmL14pr 2 TEM,f

r !50, ~86!

d

dr
~FmE24pr 2TEM,t

r !50, ~87!

FIG. 10. Stationary evolution of the ratioh1[B2/4prm in the
plunging region. Each panel corresponds to a different spinn
state of the black hole, as indicated by the values ofa/M . The
kinetic boundary conditions are given by Eq.~57!. The boundary
conditions for the magnetic field are: onr 5r ms we have Bf̂

50.05 in units of (4prm0)
1/2. The correspondingBr̂ is calculated

with Eq. ~85! so that the magnetic field is always parallel to t
velocity field. In each panel the four curves correspond, resp
tively, to d51022, 1023, 1024 and 1025 ~downward!. Each curve
starts from the marginal stable circular orbit~right end! and ends at
the horizon of the black hole~left end!.
7-12
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EVOLUTION OF MAGNETIC FIELDS AROUND A KERR . . . PHYSICAL REVIEW D 67, 044007 ~2003!
where

TEM,f
r52

C0D

4pr 4ur
~C0uf1Cut!, TEM,t

r5
C

C0
TEM,f

r .

~88!

When C50 @i.e., Eq. ~82! is satisfied in the plunging re
gion#, we haveTEM,t

r50. Then Eq.~87! implies that E
keeps constant in the plunging region. However, sin
TEM,f

rÞ0, by Eq. ~86! L varies in the plunging region
Therefore, for the solutions satisfying the boundary con
tion ~82! @or, equivalently, Eq.~84!#, the specific energy o
particles is conserved but the specific angular momen
changes.

SettingL5uf , E52ut , andC50, Eqs.~86! and ~87!
can be integrated to obtain

uf1
c0

2Duf

r 2ur
52 f L , ~89!

ut5 f E, ~90!

where

c0[
C0

A2Fm

, f L[
FL

2Fm
, f E[

FE

2Fm
, ~91!

whereFL54pr 2JL
r and FE54pr 2JE

r are constants measu
ing the angular momentum flux and the energy flux acr
radius r, respectively. Usinguf5gffuf1gftut , we can
solve Eqs.~89! and ~90! for uf

FIG. 11. Same as Fig. 10 but for the ratiosh2

[uBfBr /(4prmLur)u ~solid curves! and h3[uBtB
r /(4prmEur)u

~dashed curves!.
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uf5

2Mac0
2

r 3ur
f E2 f L

11
c0

2

r 2ur S 12
2M

r D
. ~92!

Then, from gabuaub521 and ur5grr u
r , we obtain the

equation forur

~rur !252DS 12
f E

2

12
2M

r
D

2
1

12
2M

r
F 2Ma

r
f E1S 12

2M

r D f L

11
c0

2

r 2ur S 12
2M

r D G 2

. ~93!

Though the factor (122M /r ) appears in the denomina
tors on the right-hand side of Eq.~93!, r 52M is not a sin-
gularity of the equation, since the factor (122M /r ) disap-
pears from the denominators if we expand the second t
on the right-hand side of Eq.~93!, then combine with the first
term. However, the factor@11(c0

2/r 2ur)(122M /r )# repre-
sents a singularity of Eq.~93! at

11
c0

2

r 2ur S 12
2M

r D50. ~94!

The differentiation of Eq.~93! with respect tour gives
rise to another singularity of the equation, which is at

uru
r2

c0
2

r 2ur S 12
2M

r
2 f E

2D50. ~95!

This singularity appears as one differentiates Eq.~93! with
respect tor to obtain a differential equation forur .

If we define the relativistic Alfve´n velocity by

cA
a[

Ba

A4prm1B2
, ~96!

then we have

11
c0

2

r 2ur S 12
2M

r D5
1

12cA
2 S 12

cArcA
r

uru
r D , ~97!

and

c0
2

r 2ur S 12
2M

r
2 f E

2D5
cA

2

12cA
2

, ~98!

wherecA
2[cAacA

a,1. Therefore, the singularities given b
Eqs. ~94! and ~95! are critical points related to the Alfve´n
speed: the Alfve´n point @Eq. ~94!# and the fast critical point
@Eq. ~95!# @36,37#.
7-13
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LI-XIN LI PHYSICAL REVIEW D 67, 044007 ~2003!
Since we have assumed that the gas pressure is zero
slow critical point is atur50 which is not relevant to us
here. The Alfve´n point is not an X-type singularity and
does not impose any additional conditions on the solution
ur except setting the integral constant@36,37#. Therefore,
what is really relevant here is the fast critical point given
Eq. ~95!. For weak fields, we expect that the fast critic
point is located at a radius close to the marginally sta
radius, where the accretion flow transits from subsonic m
tion in the disk region to supersonic motion in the plungi
region @6,7,9#. Any physical solutions must smoothly pa
the critical points; this requirement sets strict constraints
the integral constants.

It is far beyond the scope of the current paper to fu
explore the properties of critical points in detail. However,
a first order approximation, we can assume thatr f'r ms,
wherer f is the radius at the fast critical point. Then, from E
~95! we have the radial velocity of the fluid atr 5r ms

u0
r '2F c0

2Dms

r ms
4 S 211

2M

r ms
1 f E

2D G 1/3

. ~99!

If we setr 5r ms in Eq. ~93!, then substitute Eq.~99! into Eq.
~93!, we can solve for the constantf L , as a function ofc0
and f E. Therefore, for solutions that smoothly pass the cr
cal points, among the three integral constantsc0 , f E, and
f L , only two are independent.

Without explicitly solving the radial flow equation, i.e
Eq. ~93!, we can also obtain some interesting results on
horizon of the black hole. SinceD→0 asr→r H , from Eq.
~93! we have

uH
r 5

c0
2a2

r H
4

1
2M

r H
~ f E2VHf L!, ~100!

whereuH
r 5ur(r 5r H). Then, from Eq.~92!, we can obtain

the specific angular momentum for particles atr 5r H

LH52 f L1
a

r H
2

c0
2 . ~101!

Equation ~90! says that, with the boundary conditio
given by Eq.~84!, the specific energy of fluid particles doe
not change in the plunging region. However, the spec
angular momentum of fluid particles does change. The s
cific angular momentum for particles on the margina
stable circular orbit,L0, can be calculated from Eq.~92! by
setting r 5r ms. Then, by comparingLH to L0, we can see
how much has changed in the specific angular momentum
particles move from the marginally stable circular orbit
the black hole horizon. We have calculated the ratio

DL

L
[

1

L0
~LH2L0!, ~102!

and presented the results in Fig. 12.
To make the solutions smoothly joined to those in the d

region, in our calculations we have adopted that the spe
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energy is equal to that of a particle moving on the margina
stable circular orbit. Then, we havef E52Ems. From Eqs.
~98! and~99!, on the marginally stable circular orbit there
a one-to-one correspondence betweenc0

2 and

h15
B2

4prm
5

cA
2

12cA
2

. ~103!

Therefore, we useh1 at r 5r ms to specify the boundary value
of the magnetic field, thenc0 is determined~up to a sign—
which is not relevant here!. Then, with the above approach
f L is determined as a function ofh1 and f E. We have chosen
h1 to be 1022, 1023, and 1024, alternatively.

From Fig. 12 we see that, thoughL is not constant in the
plunging region, its variation is extremely small, if on th
marginally stable circular orbit the dynamical effects of t
magnetic field on the motion of the fluid particles are neg
gible ~thenh1!1 at r 5r ms). As a/M increases from21 to
1, the variation in the specific angular momentum decrea
caused by the fact that the coordinate distance between
marginally stable circular orbit and the event horizon d
creases with increasinga/M . For a black hole witha/M
>0, we haveuDL/Lu,3% if h1,1022 on r 5r ms. For the
extreme case ofa/M51, we haveuDL/Lu50, i.e. the spe-
cific angular momentum does not change at all. For the
treme case ofa/M521, which has the largest coordina
distance from the marginally stable circular orbit to the ev
horizon, the variation inL is largest. However, even in thi

FIG. 12. The change in the specific angular momentum of fl
particles as they approach the event horizon of the black hole@Eq.
~102!#, as a function of the spin of the black hole. It is assumed t
the fast critical point is atr'r ms. The magnetic field is parallel to
the velocity field of the fluid, then the specific energy of fluid pa
ticles keeps constant in the plunging region, which we have
sumed to be equal to the specific energy of a particle moving on
marginally stable circular orbit. The boundary value of the magne
field at r 5r ms is specified by the ratioh15B2/4prm . The three
curves correspond to three different values ofh1 at r 5r ms: 1022,
1023, and 1024 ~downward!.
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EVOLUTION OF MAGNETIC FIELDS AROUND A KERR . . . PHYSICAL REVIEW D 67, 044007 ~2003!
case, the variation in the specific angular momentum is a
not big: uDL/Lu,17% if h1,1022 on r 5r ms.

For the same models we have also calculated the ratioh1

andcArcA
r /uru

r at r 5r H , and presented the results in Fi
13. Because of Eq.~103!, the value ofh1 is given by the
left-hand side of Eq.~98!. The ratiocArcA

r /uru
r can be cal-

culated by

cArcA
r

uru
r

5
c0

2f E
2

c0
2S f E

2211
2M

r D2r 2ur

. ~104!

From Fig. 13 we see that bothB2/4prm ~solid curves! and
cArcA

r /uru
r ~dashed curves! are small atr 5r H . For a/M

>0, both are,0.03 if h1,1022 at r 5r ms. The ratios go
down asa/M increases. Even for the extreme case ofa/M
521, the ratios are also not big atr 5r H if h1,1022 at r
5r ms: B2/4prm,0.18 andcArcA

r /uru
r,0.07.

Equation ~100! implies that uH
r is always finite. Then,

uru
r5(r 2/D)(ur)2→` at r 5r H sinceD(r 5r H)50. Then,

Eq. ~104! implies that cArcA
r→` also at r 5r H since its

right-hand side is finite. However, from Eq.~97! we have

cArcA
r

uru
r U

r 5r H

,1, ~105!

since 122M /r H52a2/r H
2 anduH

r ,0.
SinceuH

r is finite, Eqs.~98! and ~103! imply that h1 is
also finite atr 5r H . Then, sinceuru

r→` at r 5r H , we must
have

cA
2 /~12cA

2 !

uru
r U

r 5r H

50. ~106!

FIG. 13. Same as Fig. 12 but for the ratiosB2/4prm ~solid
curves! andcArcA

r /uru
r ~dashed curves! at r 5r H .
04400
o

Equations~105! and ~106! imply that fluid particles always
supersonically fall into the black hole. The numerical resu
in Fig. 13 confirm this conclusion.

From Figs. 10–13, we can demonstrate that when
boundary condition~82! @or, equivalently,~84!# is satisfied,
the dynamical effects of magnetic fields in the plunging
gion are unimportant if they are so on the marginally sta
circular orbit.

VII. SUMMARY AND DISCUSSION

With a simple model we have studied the evolution
magnetic fields in the plunging region around a Kerr bla
hole. The model contains the following assumptions:~1! The
background spacetime is described by the Kerr metric;~2!
the plasma is perfectly conducting so that the magnetic fi
is frozen to the plasma fluid;~3! the kinematic approximation
@10# applies, i.e. the dynamical effects of the magnetic fie
on the fluid motion are negligible so that the plasma flu
flows along timelike geodesics toward the central black ho
and~4! in a small neighborhood of the equatorial plane~i.e.,
up/22uu!1) the magnetic field and the velocity field hav
only radial and azimuthal components. The assumption~4!
implies that uu5Bu50 and ]uu/]u5]Bu/]u50 on the
equatorial plane. With the above assumptions, we have
actly solved Maxwell’s equations for axisymmetric solutio
~i.e. ]/]f50). The solutions are given by Eqs.~48a! and
~48b! @or, equivalently, Eqs.~50a! and~50b!#, whereC0 is a
constant measuring the magnetic flux through a circle in
equatorial plane, andC is a function determining the time
evolution of the magnetic field. BothC0 and C are deter-
mined by the boundary conditions.

The dependence of the solutions on the coordinate timt
is given by the functionC5C(t2t), wheret5t(r ) is de-
fined by Eq.~42!. The functionC is uniquely determined by
the initial and boundary conditions of the magnetic field. T
general form ofC determines the retarded nature of the s
lutions: at any time the state of the magnetic field at a rad
in the plunging region is determined by the state of the m
netic field at a larger radius and an earlier time~Figs. 1 and
2!. This suggests that the stationary state of the magn
field in the plunging region is uniquely determined by t
boundary conditions at the marginally stable circular orbi

Examples for the evolution of magnetic fields in th
plunging region are shown in Figs. 3–8, for both the statio
ary case (C5constant, Figs. 3–5! and the nonstationary
case (CÞconstant, Figs. 6–8!. From these figures we se
that the boundary value of the radial component of the m
netic field at the marginally stable circular orbit is more im
portant in determining the strength of the magnetic field
the plunging region than the toroidal component. The i
tially toroidal component is attenuated in the plunging reg
by the radial expansion of the fluid~Fig. 3!. The initially
radial component is amplified by the azimuthal and verti
compression~the convergence of the fluid!, and a toroidal
component is generated from the radial component by
shear motion of the fluid though the toroidal component
initially zero at the marginally stable circular orbit~Fig. 4!.
This leads to the amplification of the magnetic field in t
7-15
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LI-XIN LI PHYSICAL REVIEW D 67, 044007 ~2003!
plunging region~Fig. 5!. The evolution of the magnetic field
depends on the spinning state of the black hole, but is m
sensitive to the initial value of the radial velocity on th
marginally stable circular orbit@or, equivalently the param
eterd defined by Eq.~57!#.

The time-evolution of magnetic fields shown in Figs. 6–
confirms our claim that the stationary state of the magn
field in the plunging region is uniquely determined by t
boundary conditions on the marginally stable circular orb
If in the plunging region a magnetic field is initially deviate
from the stationary solutions, it will evolve to and finally g
saturated at the state given by the stationary solutions
dynamical time scale determined by the free-fall motion
fluid particles in the plunging region. If the magnetic field o
the marginally stable circular orbit is in a stationary state,
magnetic field in the plunging region will automatical
settle into a stationary state. Thus, the evolution of magn
fields in the plunging region is very different from that in th
disk region, in the latter case the state of the magnetic fie
determined by the local MHD processes. The difference
caused by the following fact: in the disk region the fluid h
a very small radial velocity so that local MHD process
have shorter time scales than the radial motion; in the plu
ing region the fluid has a large radial velocity so that lo
MHD processes usually have longer time scales than the
dial motion.

In deriving the solutions we have assumed that the
namical effects of the magnetic field in the plunging regi
are unimportant@the kinematic approximation adopted in a
sumption~3!#. To justify this assumption, we have studie
the dynamical effects of magnetic fields in the station
state in two ways. First, we estimate the dynamical effect
magnetic fields by considering the backreaction: substitu
the solutions of Maxwell’s equations we obtained, where
assumed that fluid particles move on geodesics, into the
namical equations to check if the motion of the fluid is s
nificantly affected by magnetic fields. In this way, we es
mate the dynamical effects of magnetic fields on the mot
of the fluid by calculating the parametersh1 , h2 and h3
defined by Eq.~78!. The mass density of the fluid, whic
appears in the denominators ofh1 , h2 andh3, drops quickly
in the plunging region ifuv r̂ u!uv f̂u on the marginally stable
circular orbit ~Fig. 9!. However, the evolution of the mag
netic field, which appears in the numerators ofh1 , h2 and
h3, sensitively depends on the orientation of the magn
field on the marginally stable circular orbit, the latter is e
sentially determined by the MHD processes in the disk
gion. If we require that the solutions in the plunging regi
are smoothly joined to the solutions in the thin Kepleri
disk region, then it is reasonable to assume that on the m
ginally stable circular orbit, as well as in the disk region, t
magnetic field is parallel to the velocity field:Br /Bf

5ur /uf ~see the Appendix!. This implies that for the solu-
tions in the plunging region we should haveC50 @Eq.
~84!#, i.e. the orientation of the magnetic field follows th
orientation of the velocity field of the fluid@Eq. ~82!#. With
such a boundary condition, we have calculatedh1 , h2 and
h3, assuming that particles move on geodesics. We see
if they are!1 on the marginally stable circular orbit, the
04400
re

ic

.

a
f

e

ic

is
is

g-
l
a-

-

y
f
g
e
y-
-

n

ic
-
-

r-

at,

they remain so in the plunging region~Figs. 10 and 11!.
Indeed,h1 , h2 and h3 decrease in the plunging region fo
sufficiently smalluv r̂ u on the marginally stable circular orbit

Second, we self-consistently solve the coupled Maxw
and dynamical equations on the horizon of the black ho
and check how much has changed in the specific ang
momentum of fluid particles since they leave the margina
stable circular orbit. The specific energy of fluid particles
not changed by a magnetic field that satisfiesC50 @see Eq.
~90!#. However, the specific angular momentum does cha
@see Eq.~89!#. We have calculated the specific angular m
mentum of fluid particles as they reach the horizon of
black hole, assuming that the fluid particles pass the
critical point near the marginally stable circular orbit. Th
deviation from the specific angular momentum as the p
ticles just leave the marginally stable circular orbit is sho
in Fig. 12. We see that, though the specific angular mom
tum of fluid particles is changed by the magnetic field, t
effects are always small assuming that on the margin
stable circular orbit the dynamical effects of the magne
field are not important. For example, fora/M>0 we have
uDL/Lu,3% if h1,1022 on the marginally stable circula
orbit. We have also calculated the ratiosh15B2/4prm and
cArcA

r /uru
r on the horizon~Fig. 13!, wherecA

r is the radial
component of the Alfve´n velocity. These two ratios are re
evant to the critical points in the flow@see Eqs.~97!, ~98!,
and ~103!# and measure at what level the magnetic field
fects the motion of the fluid. Figure 13 shows that their v
ues on the horizon are quite small.

Both approaches~backreaction and self-consistent sol
tions! confirm that the dynamical effects of the magne
field are unimportant in the plunging region if they are so
the marginally stable circular orbit.

Our results differ from that of Gammie@12#, in which he
claimed that in the plunging region the dynamical effects
magnetic fields can be important. The difference is caused
the fact that Gammie used a boundary condition that is
ferent from ours for the magnetic field. Gammie assum
that C52VmsC0, whereVms is the angular velocity of the
disk at the marginally stable circular orbit, while we assum
that C50. Gammie’s boundary condition implies thatv r̂
50 at r 5r ms ~as clearly stated in his paper!, which makes
r 5r ms a singular point whererm5` ~to keep the mass flux
Fm nonzero!. Hence, Gammie’s solutions are not we
behaved at the marginally stable circular orbit. Our bound
condition allows the solutions in the plunging region to
smoothly joined to the solutions in the disk region~see the
Appendix!, since in our solutions all physical quantities a
finite at the marginally stable circular orbit. Certainly, to pr
cisely take care of the transition from the disk region to t
plunging region, gas pressure and nonelectromagnetic s
must be properly taken into account near the inner edge
the disk.

As mentioned in the Introduction, recently the ‘‘no-torqu
inner boundary condition’’ for thin accretion disks has be
challenged by some authors~including Gammie! based on
their studies on the evolution of magnetic fields in the plun
ing region @11,12,16,17#. The results in this paper sugge
that in the plunging region the dynamical effects of the ma
7-16
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EVOLUTION OF MAGNETIC FIELDS AROUND A KERR . . . PHYSICAL REVIEW D 67, 044007 ~2003!
netic field are not important if the solutions in the plungi
region are smoothly joined to the solutions in the thin Kep
rian disk region. Thus, the argument against the ‘‘no-torq
inner boundary condition’’ is not founded.

Finally, we note that in the paper we have neglected d
sipative processes like magnetic reconnection and ohmic
sipation, and the evaporation effect arising from the m
netic buoyancy and MHD instabilities. These proces
operate in disks to limit the amplification of magnetic fiel
~@10,38,39# and references therein!. Certainly it is conceiv-
able that they can also operate in the plunging region
reduce the amplification effect of magnetic fields. If the
processes are important, the results of this paper ten
overestimate the amplification of magnetic fields in t
plunging region. Then, the dynamical effects of magne
fields should be weaker than that we have estimated with
considering dissipative processes, which will strengthen
conclusion that the dynamical effects of magnetic fields
unimportant in the plunging region.
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APPENDIX: MAGNETIC FIELDS IN THE DISK REGION

In the disk region (r .r ms), viscosity plays an importan
role in the dynamics of disk particles. The viscosity tran
ports angular momentum outward and dissipates ene
which leads to disk accretion. So, in the disk region, partic
move on nongeodesic worldlines.

In the vertical direction, the gravity of the black hole
balanced by the gradient of the total pressure (5gas pressure
1radiation pressure1magnetic field pressure! in the disk.
Therefore, in a small neighborhood of the disk central pla
disk particles are more likely moving on planes parallel
the equatorial plane, rather than moving radially as in
plunging region. To describe such a motion, cylindrical c
ordinates (t,r ,f,z) are more suitable, wheret and f have
the same meaning as those in the Boyer-Lindquist coo
nates, to the first orderr also has the same meaning as tha
the Boyer-Lindquist coordinates, butz[r (p/22u) where
up/22uu!1.

In the cylindrical coordinates, in a small neighborhood
the disk central plane the Kerr metric can be written as@4#

ds252S 12
2M

r Ddt22
4Ma

r
dtdf1

r 2

D
dr21

A

r 2
df21dz2,

~A1!
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whereD andA are defined by Eq.~17! with u5p/2.
The Maxwell equations that we need to solve are ag

given by Eq. ~31!, but now we havexa5(t,r ,f,z) and
A2g5r . As in the case for the plunging region, we assu
that the motion of fluid particles is stationary but the evo
tion of the magnetic field can depend on time, i.e., we
]ua/]t50 but keep]Ba/]t in the Maxwell equations. Fur-
thermore, we assume that in a small neighborhood of
disk central planeuz5Bz50 so that]uz/]z5]Bz/]z50 on
the equatorial plane. Finally, we adopt]ua/]f5]Ba/]f
50 because of the axisymmetry of the system. Then, on
equatorial plane Eq.~31! is reduced to

]

]t
@r ~utBb2ubBt!#1

]

]r
@r ~urBb2ubBr !#50. ~A2!

Equation~A2! can be solved with the same approach
that used in Sec. IV. The solutions are

Br5
1

r
~2C0,dut1Cduf!, ~A3a!

Bf5
1

rur
@2C0,dutu

f1~11ufuf!Cd#, ~A3b!

whereC0,d is an integral constant, andCd5Cd(t2t) is the
solution of Eq.~40!. The correspondingBt is related toBr

andBf by Eq. ~38!.
Equation~A3a! can be written as

Cd5
1

uf
~rBr1C0,dut!. ~A4!

Assume that asr→` the disk is Keplerian so thatuf5L
}r 1/2 and ut52E'1, andrBr keeps finite, then we mus
have

lim
r→`

Cd50. ~A5!

Equation ~A5! has an important implication for stationar
solutions. For stationary solutions we haveCd5constant,
then by Eq.~A5! we must haveCd50. So, for stationary
solutions we have

Br5
C0,dE

r
, ~A6a!

Bf5
C0,dEuf

rur
, ~A6b!

where we have usedut52E.
From Eqs.~A6a! and ~A6b! we haveBf/Br5uf/ur , i.e.

in the stationary state the magnetic field lines are paralle
the fluid motion.
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