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Evolution of magnetic fields around a Kerr black hole
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The evolution of magnetic fields frozen to a perfectly conducting plasma fluid around a Kerr black hole is
investigated. We focus on the plunging region between the black hole horizon and the marginally stable
circular orbit in the equatorial plane, where the centrifugal force is unable to stably balance the gravitational
force. Adopting the kinematic approximation where the dynamical effects of magnetic fields on the fluid
motion are ignored, we exactly solve Maxwell's equations with the assumptions that the geodesic motion of the
fluid is stationary and axisymmetric, the magnetic field has only radial and azimuthal components and depends
only on time and radial coordinates. We show that the stationary state of the magnetic field in the plunging
region is uniquely determined by the boundary conditions at the marginally stable circular orbit. If the mag-
netic field at the marginally stable circular orbit is in a stationary state, the magnetic field in the plunging
region will quickly settle into a stationary state if it is not so initially, in a time determined by the dynamical
time scale in the plunging region. The radial component of the magnetic field at the marginally stable circular
orbit is more important than the toroidal component in determining the structure and evolution of the magnetic
field in the plunging region. Even if at the marginally stable circular orbit the toroidal component is zero, in the
plunging region a toroidal component is quickly generated from the radial component by the shear motion of
the fluid. Finally, we discuss the dynamical effects of magnetic fields on the motion of the fluid in the plunging
region. We show that the dynamical effects of magnetic fields are unimportant in the plunging region if they are
negligible on the marginally stable circular orbit. This supports the “no-torque inner boundary condition” of
thin disks, contrary to the claim in the recent literature.
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[. INTRODUCTION not so on the marginally stable circular orbit, and argued that
the plunging material might exert a torque to the disk at the
It is widely believed that accretion disks around Kerr marginally stable circular orbit. With a simplified model,
black holes exist in many astrophysical environments, rangGammie[12] solved Maxwell's equations in the plunging
ing from active galactic nuclei to some stellar binary systemgegion and estimated the torque on the marginally stable cir-
[1,2]. People usually assume that the inner boundary of &ular orbit. He demonstrated that the torque can be quite
thin Keplerian disk around a Kerr black hole is located at thelarge and thus the radiation efficiency of the disk can be
marginally stable circular orbit, inside which the centrifugal significantly larger than that for a standard accretion disk
force is unable to stably balance the gravity of the centralvhere the torque at the inner boundary is zero. Furthermore,
black hole[3,4]. In the disk region, particles presumably Agol and Krolik [13] have investigated how a nonzero
move on nearly circular orbits with a very small inward ra- torque at the inner boundary affects the radiation efficiency
dial velocity superposed on the circular motion, the gravityof a disk.
of the central black hole is approximately balanced by the Numerical simulations of MHD disk$8,14—17 have
centrifugal force. As disk particles reach the marginallygreatly improved our understanding of disk accretion pro-
stable circular orbit, the gravity of the central black holecesses. These simulations show that the magneto-rotational
becomes dominate over the centrifugal force and the painstability effectively operates inside the disk and leads to
ticles begin to nearly free-fall inwardly. The motion of fluid accretion, though the accretion picture is much more compli-
particles in the plunging region quickly becomes supersonicated than that assumed in the standard theory of accretion
then the particles lose causal contact with the disk, as a resudisks. Generally, the disk accretion is nonaxisymmetric and
the torque at the inner boundary of the disk is approximatelystrongly time-dependent. It is also found that, as disk mate-
zero ([5-9], and references therginThis is usually called rial gets into the plunging region, the magnetic stress at the
the “no-torque inner boundary condition” of thin accretion marginally stable circular orbit does not vanish but smoothly
disks. extends into the plunging regidi5-17, though the effect
Some recent studies on the magnetohydrodynamics significantly reduced as the thickness of the disk goes
(MHD) of accretion disks have challenged the “no-torquedown[8,15]. Furthermore, the specific angular momentum of
inner boundary condition.” Magnetic fields have been dem-particles in the plunging region does not remain constant,
onstrated to be the most favorable agent for the viscoushich implies that the magnetic field may be dynamically
torque in an accretion disk transporting angular momentunimportant in the plunging regiofl5-17. All these results
outward ([10] and references therginBy considering the are fascinating and encouraging. Unfortunately, due to the
evolution of magnetic fields in the plunging region, Krolik limitation in space resolution and time integration, stationary
[11] pointed out that magnetic fields can become dynamiand geometrically thin accretion disks are not accessible to
cally important in the plunging region even though they arethe current 2D and 3D simulations. So it remains unclear
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how much insight we can get for stationary and geometrijoined to the solutions in the disk region.

cally thin accretion disks from these simulatidiég. Throughout the paper we use the geometrized uBits
Instead of small-scale and tangled magnetic fields in ar=c=1 and the Boyer-Lindquist coordinated,r(, 8, ¢)

accretion disk transporting angular momentum within the[26,27), except in the Appendix where cylindrical coordi-

disk, a large-scale and ordered magnetic field connecting @ates are used.

black hole to its disk may also exist and play important roles

in transportation of angular momentum and energy between Il. MAXWELL'S EQUATIONS FOR AN IDEAL MHD

the black hole and the digkl8—22. RecentXMM-Newton FLUID IN A CURVED SPACETIME

observations of some Seyfert galaxies and galactic black

: ; ) ) In a curved spacetime, Maxwell's equations are
hole candidates provide possible evidence for such a mag- P q

netic connection between a black hole and its {i&&—25. V,FaP=—47J° (1a)
All these promote the importance of studying the evolu-
tion and the dynamical effects of magnetic fields around a ViaFbg=0, (1b)

Kerr black hole.

In this paper, we use a simple model to study the evoluwhereF ,,=—Fy, is the electromagnetic field tensor, aift
tion of magnetic fields in the plunging region around a Kerris the current density 4-vector of electric charge. In Efja)
black hole. We assume that around the black hole the spacénd(1b), V, denotes the covariant derivative operator that is
time metric is given by the Kerr metric; in the plunging compatible with metricV,g,.=0; the square bracketg 9"
region, which starts at the marginally stable circular orbit anddenote antisymmetrization of a tensor.
ends at the horizon of the black hole, a stationary and axi- For an ideal MHD plasma fluid whose electric resistivity
symmetric plasma fluid flows inward along timelike geode-is zero, the electric field in the comoving frame is zero, i.e.
sics in a small neighborhood of the equatorial plane. The b
plasma is perfectly conducting and a weak magnetic field is Ea=Fapu™=0, @
f_rozen to the plasma. The _magf‘e“‘: field _and the VeIOCi.tywhere u? is the 4-velocity of the fluid. In other words, the
field have two components: radial and azimuthal. We will

solve the two-dimensional Maxwell's equations where themagnetlc field is frozen to the plasma fluid. Then, the elec-

magnetic field depends on two variables: time and radiust’romagnetlc field tensof,y, can be written as
and investigate the evolut]on of the magnetic field. This Fap= — €apcdBUY, (3)
model is similar to that studied by Gamnji&2], but here we

include the time variable. Furthermore, we ignore the backwhereB? is the magnetic field measured by an observer co-
reaction of the magnetic field on the motion of the plasmamoving with the fluid (i.e., having a 4-velocityu?®), and
fluid to make the model self-consistent, since if the dynami-e,,.q is the totally antisymmetric tensor of the volume ele-
cal effects of the magnetic field are important the strongment that is associated with the metgg,. By definition,
electromagnetic force will make the fluid expand in the ver-the magnetic field3? satisfies

tical direction. The ignorance of the backreaction of the mag-

netic field will allow us to analytically study the evolution of B%U,=0. (4)

the magnetic field, but it will prevent us from quantitatively . ) .
studying the dynamical effects of the magnetic field. How- The corresponding electromagnetic stress-energy tensor is
ever, we believe that the essential features of the evolution of 1 1

the magnetic field in the plunging region are not sensitive to TE'I:\,/I:_ Fapbe— —gabF 4FCd

the details of the dynamical effects. To check the self- Am 4

consistency of the model, we will estimate the dynamical 1 1 1

effects of the magnetic field by considering the backreaction = -—B2u?uP+ -—B?g*"- —B2B", (5)

of the magnetic field on the fluid motion. We will also dis- 4 87 4m

cuss the self-consistent solutions to the coupled Maxwell and

. : = .~ 'WhereB?=B_B?.
dynamical equations, and look for implications to the “no- In the case of MHD, the electric current densitj is
torque inner boundary condition.” '

The paper is organized as follows. In Sec. Il we Writeunknown, but itis only defined by ELa). The fundamental

down the Maxwell's equations for an ideal MHD plasma Invariables are the electric fiel* and the magnetic fiel&?.
Sec. Ill we write down the general forms of the magneticMav(we"S equations are then reduced to Ep). Since in

. L - the comoving frame of an ideal MHD flo&®=0 andB? is
field and the velocity field of the plasma fluid around a Kerr .
black hole. In Sec. IV we solve Maxwell’s equations with the related to the electromagnetic tensgy, by Eq.(3), the dual

approximations outlined above. In Sec. V, with the solutionsOf Eq. (1b) gives([28]

obtained in Sec. IV, we study the evolution of the magnetic v, (ul2B)=0. 6)
field in the plunging region. In Sec. VI, we check if magnetic a

fields can become dynamically important in the plunging re+or an ideal MHD fluid Eqs(1b) and (6) are equivalent.
gion. In Sec. VII we draw our conclusions. In the Appendix  Equation(6) can be expanded as

we solve Maxwell’s equations in the disk region, since we

want our solutions in the plunging region to be continuously udv,BP=B2V,u’— B°V,u?+ uv,B?, (7)
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The contraction of Eq(7) with u, leads to [ll. PARTICLE KINEMATICS AND MAGNETIC FIELDS
AROUND A KERR BLACK HOLE

a__ a_
V2B~ B.a"=0, ®) Now let us assume that the background spacetime is the

outside of a Kerr black hole of ma#4 and angular momen-
tum Ma, where —M=<a<M. In Boyer-Lindquist coordi-
nates, the Kerr metric 26,27

wherea®=uPV,u? is the acceleration of the fluid. In deriving
Eq. (8) we have used Eq4) and the identityu,u®=—1.
Substituting Eq(8) into Eq.(7), we get

2Mr 4Mar 3
— 2 i 2 2
UaVaBb: Bavaub_BbVaua+ ubBaaa. (9) dSz——(l— s )dt - S olnzedtd(ﬁ'f‘ Kdr +3dé6
The tensoV,u, is decomposed d29 Asirto
aYb p d ] I d¢2 (16)

1 > |
Vaub:§®hab+ Tap™ Wap™ Uadp, (10 where

_ o A=r?—2Mr+a? I=r?+a%cog¥,
where h,,=0,,1UaU, iS the space-projection tenso@

=h,,V3uP=V,u? is the expansiong,,= ViaUpy— O h,p/3 is A=(r2+a?)2— AaZsirtg. (17)
the shear tensor, and,,= — V[ Uy, is the vorticity tensor of
the fluid. Here the braces()” denote symmetrization of a A Kerr black hole usually has two event horizons: an inner

tensor. It is easy to check that event horizon and an outer event horizon, whose radii are
given by the two roots oA =0 [31]. What is relevant in this
TapUP= 0 puP=0, o,ph*P=0,,02"=0.  (11)  paper is the outer event horizon, so whenever we talk about
the “event horizon” we always mean the outer event hori-
Substituting Eq(10) into Eq.(9), we obtain zon, whose radius is
ry=M+(M2-2a?*12 (18)

2
u?v,B,=B?2 — — -0B,+B,a%u,, 12 .
a-b (0ap™ @ap) g~ b Fa% b (12 Let us define an orthonormal tetrad attached to an ob-

server comoving with the frame dragging of the Kerr black
which shows that the evolution of the magnetic field is gov-hole,{e§,ef,e3,e3}, by
erned by the expansion, the shear, the vorticity, and the ac-

celeration of the fluid. The contraction of E(.2) with B i K a+ 9\®
gives O x|l at ap| |’

1 2 A\L2 g\ 1 /g)\2

Y 2_papb _ - 2 a_|— - a_ _— | 7

U V.B“=B?B 0, 3G)B , (13 el_(z) (ar) , &= 21/2((99) ,
where we have useB?B w,,=0 and Eq.(4). S\Y2 1 g\

We note that with the space-projection tenBgg, Eq.(8) es=|%| ==l (19
- A) sinf\dgp
can be written as
where
h,,V2B2=0, (14)
SA\Y2 2Mar

which says that the spatial divergence of the magnetic field is XA T A 20

zero.
In terms of differential forms, the tensét,, is a closed ~Which are, respectively, the lapse function and the frame

2-form, then the Maxwell equatiofilb) can be written as dragging angular velocity. As—r, we havey—0 andw

dF=0 [27,30. Using Stokes’ theorem and E@), it can be =~ —Qy, where

shown that for a perfect conducting fluid the magnetic flux

threading any two-dimensional spatial surfaBeis un- Q.= a (21)
changed as the surface moves with the fluid H2Mry
is the angular velocity of the event horizon. Then, the
CDBEJ F=const. (15)  4-velocity of the fluid,u?, can be decomposed as
S
ud=T(ej+v;el+vied+v,€)), (22

This is the mathematical formulation for the statement that
magnetic field lines are frozen to a perfectly conductingwhere @;,v;,v3) are the components of the 3-velocity of
fluid. the fluid relative to the observer comoving with the frame
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dragging, ano[‘E(l—v;z—v:;‘—v(z},)‘l’2 is the Lorentz fac-

tor. Inserting Eq(19) into Eq. (22), we have

1(a\* (A2 a\* vy (a\* Qfa)2
=t +v;(§) (a—) 2_(6_0) *}(ﬁ) '
(23
where
E 1/2 1
QEaH-Xv;/,(K) sing (24

is the angular velocity of the fluid.
The specific angular momentum of a fluid particle is

( d )a TAsint6
L= Ug= —

1/2
ﬁ % (Q—w)=l—‘v[ﬁ<—) siné.

3
(25

Obviously,L=0 when{Q=w. Thus, an observer comoving
with the frame dragging of a Kerr black hole has zero angu-
lar momentun{32]. The specific energy of a fluid patrticle is

(9 a
E:_(E) u,=I'y+Lo. (26)

In Eq. (26), the termL w represents the coupling between the
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IV. SOLUTIONS OF MAXWELL'S EQUATIONS

The Maxwell equations that we want to solve are given by
Eqg. (6). In terms of coordinate components, Ef) takes a
very simple form

1 4

V—g ax“

wherex“=(t,r, 6, ¢), gis the determinant of the metric ten-
sorg,s, u“=uidxg andB“=B%dx; are, respectively,

[V-g(u*Bf—ufB%)]=0, (31)

r A2 T'vy r
t_ =Ty — 0__ "9 P=_QO
(32
and
1
Bt:;(B;v;nLB;;v‘ﬁJrB;)v(Q,),
1/2 ~ ~ 1/2
B'=B- é 0:& d?:i E + wBt.
ns/) 2 sing\ A
(33

Because of the constraint E@t), among the four equations
of Eqg. (31) only three are independent.
Since the background spacetime is stationary and axisym-

orbital angular momentum of the particle and the frame dragmetric, we can look for stationary and axisymmetric solu-
ging of the Kerr black hole. When the particle moves on ations with 9/ 9t= 9/ d¢p=0. However, since we are interested

geodesicl. andE defined above are conservigzb,27,29.
The magnetic fieldB?, which satisfies Eq(4), can be
decomposed as

B®=(Bjv;+ Byt By y)ej+ Brel+Byes+Bjes,

(27)

from which we have

B?=B,B*= B+ B3+ B — (Bju; + Bjoj+Byu )2

(28
Inserting Eq.(19) into Eq. (27), we have
a 1 o o o a\? a\?
B :;(Brvr+Bgvg+B¢U¢) a_t +w %
A1/2(9a B; [ g\2 BAzllzaa
SENCRER TS
2 ar s12\96)  sind\A] \dp
(29

and, correspondingly

1/2
Ba=—x(Bjv;+ B+ By g)dt,+ BF(K) dr,

1/2
g) sinf(d¢,— wdty). (30)

+B;2dg,+B;,

in the time evolution of magnetic fields, we will keep the
dl ot terms on magnetic fields but adopt thdv$=0. To
simplify the problem, we further assume that in a small
neighborhood of the equatorial plaree., |7/2— 60]<1),
u’=B?=0 (i.e., v;=B3=0). This assumption, which has
also been used by Gammigl2], ensures thatou’/d6
=9B%90=0 on the equatorial plane. We emphasize that,
whend/ dt+#0, this assumption holds only if the fluid moves
geodesically, which requires that the magnetic fields are
weak and their dynamical effects are negligible. Otherwise
the electromagnetic force will make’ andB? nonzero ex-
cept exactly on the equatorial plane. Thus, hereafter we as-
sume that fluid particles move on timelike geodesics in the
plunging region. This assumption will be justified later.

Now, let us focus on solutions on the equatorial plane
(0= /2). Considering the fact that for the Kerr metric
J=g=3 sing=r? on the equatorial plane, Eq31) is re-
duced to

J J
E[rz(utBB—uﬁB‘)]Jr &—r[rz(u’BB—uﬁBr)]=0. (34

For B=r,t, Eq. (34) gives
i[rz(urBt—u‘Br)]zo i[rz(urBt—u‘Br)]zo
at "oor '
(35

respectively. The solution of E@35) is
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Co

u'B'—u'Bt=—,
r.2

(36)

whereC, is a constant. With Eq15), it can be checked that
2mCyA 0 is the magnetic flux threading the two-dimensional
surface defined by t=constantr = constant,w/2— 6|
<A0/2 and O< p<27r.

For B=0, Eq. (34) is automatically satisfied since’
=B?=0 in a small neighborhood of the equatorial plane
everywhere and all the time.

For 8= ¢, Eq. (34) gives

;t[rz(utB¢—u‘f’B‘)]+ %[rz(urB‘b—u‘f’B')]:O. (37

From the constraint Eq4), we have

) 1 r t
B =—u—(B u,+B'uy). (39
¢
Substituting Eq(36) for B! into Eq.(38), we obtain
Cou
BY=— (Ulu+uru,)B = = (39)
u'uy r

Now, substitute Eq(36) for B' and Eq.(39) for B into Eq.
(37), we obtain a first order partial differential equation

ta+fa\yt =0 (40)
wgr U g | T n=0,
where
1
\If(t,r)Eu—(rzBr—i—COut). (41)
¢

In deriving Eq.(40) we have usedu®/dt=0. Equation(40)
simply says thatV is conserved along the worldline of a
fluid particle:u®V,¥=0. Let us define

which is the coordinate time interval spent by a fluid particle
to move fromr=r to r. Then Eq.(40) can be written as

t

—rdl',
ou

r

(42

J
E+(9—7 v(t,7)=0. (43
The solution of Eq(43) is simply
V=w(t-7), (44)

i.e. ¥ is a function oft— 7.

Equation(44) gives a “retarded” solution to Eq43): at
any timet the solution at radius is given by the solution at
an earlier timet— 7(r) at the radiug,. Thus, a variation in
the magnetic fields at any will propagate with the fluid
motion (Fig. 1). The solution is unique if a suitable boundary
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At = T(I'1 )

FIG. 1. The retarded nature of the solution given by &d). A
time variation in the magnetic field at radiugwill lead to the same
variation in the magnetic field at radiug<r, at a later time, as-
suming the fluid moves toward smaller radie. toward the central
black holg. The time delay is given by the time needed by a fluid
particle moving fromrg to r;.

or initial condition is imposed. For example, if a boundary
condition is given ort=0: ¥ (t=0,7)=W¥,(7), then the so-
lution is ¥ (t,7)=V¥,(7—t). In order for the solution to ex-
ist for a region specified b>0 in thet, r-space, the bound-
ary functionW(7) must be defined on the wholeaxis:
—oo <7<, Similarly, if a boundary condition is given on
7=0 (i.e.,r=rgp): W(t,7=0)=V¥,(t), then the solution is
WV (t,7)=V¥,(t— 7). In this case, in order for the solution to
exist for a region specified by>0 in thet,r-space, the
boundary functionW,(t) must be defined on the whole
t-axis: —o<t<oo,

We can also specify the boundary condition in another
way

V(t=0,7=0)=V(7), V(t=0,7=0)=W,(t). (45
Then, the solution of Eq43) is

vy (7—t),
Wy(t—1),

ost=r,

(46)

0= r=<t.

That is the value ofF’ in region O<t<r (region | is deter-
mined by the value o on the boundary=0,7=0; and the
value of W in region 0< <t (region ll) is determined by the
value of ¥ on the boundary=0,t=0 (see Fig. 2 In order

for the solutions to be smoothly matched on the diagonal line
t=7=0 separating region | and region ¥;;(7) andW¥,(t)
must be smoothly matched &t 7=0:

d¥,(7)
dr

I 20)
T dt

W1(0)="¥,(0), (47)

t=0

Given the solution ofl in Eq. (44), we can solveB" from
Eq. (41), then solveB? from Eq.(39). The results are

1
Brzr—z(—Couﬁ—‘Ifud)), (48a
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t
Yo (t-1)
6; //&/
=2 ‘\/’
1]
¥ (r-t)
|
00 ¥ (1) T

FIG. 2. A sketch of the solution given by EGL6), correspond-
ing to the boundary conditions given by Eg5). The parameter

is defined by Eq(42), which is the coordinate time needed by a

particle moving from radius, to radiusr. So, 7=0 corresponds to
r=rqy, andr=c0 corresponds to the black hole horizosr,. The

coordinate time is represented byn this figure, the worldlines of
fluid particles are represented by straight linesr+ constant. If

the boundary conditions are imposed on the axes as shown in the B

figure[Eq. (45)], the solution in the region between theaxis and
the dashed liné= 7 (i.e., region ) is determined by the boundary
condition on ther-axis, the solution in the region between thexis
and the dashed ling.e., region 1) is determined by the boundary
condition on the-axis.

1
B?= ——[—Couu?+(1+ufu,)¥]. (48b)
reu’
Using Eq.(36), we obtain
B'= [—(1+u'u)Cot+u'usv]. (49)

r2ur

Note thatB!, B", andB? satisfy the constraint Eq38), so
among the three components only two are independent.

From Egs.(32), (33), (48a, (48b), and the fact that,
=U,(d/9t)%=—E andug=u,(d/d¢)*=L, we can solve for
B; andB;

CoE+WL
B=——

r
rAl/2

(508

(CoE+WL)(Q-wv?)l ¥
By= + )

(50b
Exrv; Erv;

where Egs.(25) and (26) have been used to simplify the

PHYSICAL REVIEW D 67, 044007 (2003

Since we assume that the fluid particles move on geode-
sics, the specific angular momentumand the specific en-
ergyE are constants. W is also a constant, the combination
CoE+ WL is a constant, which we denote @s. Then, Egs.
(508 and(50b) become

p— Cl
Bi= rAL2’ (513

Cih(Q—wv?) W
= + , (51b
Exrv; Erv;
which are stationary solutions of Maxwell's equations.

If the black hole is a Schwarzschild black hdiee., the
specific angular momentum=0), the stationary solutions
are reduced to

Cy
Bi=—., (529
Xt
cL v &2
* Erd;  Erv;’

whereE=Ty, L=T"y 1Qr?, andx?=1—2M/r. The non-
stationary solutions can be obtained by replacyg with
CoE+WTL.

V. EVOLUTION OF MAGNETIC FIELDS
IN THE PLUNGING REGION

We are interested in the evolution of magnetic fields in the
plunging region in the equatorial plane betweesr ., the
marginally stable circular orbit, amd=r, the event horizon
of the black hole.

For direct circular orbits(i.e., corotating withL>0)
around a Kerr black hole, the radius of the marginally stable
orbit is given by[32]

rms=M{3+2z,—signa)[ (3—z;)(3+2,+22,)]"3,

(53
where sign@)=1 (0,—1) if a>0 (=0,<0), and
a2\ Y 13 a3
7, =1+ 1_W> j[ 1+o| + 1_M) }
(54a
2\ 12
z,= z§+3W) . (54b)

expression foBj. Since we focus on the solutions on the The angular velocity of a particle geodesically moving on the

equatorial plane, here and hereafter weSsetr?, and usey,
o, andA to refer their values af#= /2. Note, in the solu-
tions in Eqs(483 and(48b) [or, equivalently, Eqs50a and
(50b)] all the dependence on tintés contained in the func-
tion W,

marginally stable circular orbit is

M 1/2]
Qms: = 1+a
Mms

(59

M )1/21 -1
s
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From Egs.(24), (53)—(55), we can calculate the circular ve-
locity on the marginally stable circular orbit by

172
ms

(Qps™ 0ms)s (56)

v ~ _
$oms I'msXms

. 2 _
the corresponding Lorentz factor Hyms=(1-v% ) 2
specific angular momenturh,,s by Eq. (25), and specific
energyE s by Eq. (26) (setting #=w/2 andr=r,J. Here
and hereafter the subscript “ms” represents the values at

=T ms-
Now let us choose the boundary radiys=r s, the con-

served specific angular momentum and specific energy to be

L=Lnd1-9), E=Eps, (57)

PHYSICAL REVIEW D 67, 044007 (2003

boundary conditions for the magnetic field. We will consider
stationary solutions and nonstationary solutions separately.

A. Stationary solutions

It is straightforward to specify the boundary conditions
for stationary solutionsi.e. solutions with¥ = constant). To
determine the solutions, we need only specify the values of
B andBy atr=rs: Bjg andB;,. Then, by Eqs(518 and
(51b), we have

C= BFoXmsArlrg' (623
2
V=B joE @0~ Brol 0Ama( Qo— wom@?,), (62D

where C;=CyE+ VL, (), is the angular velocity corre-

where 0<o<1. That is we keep the specific energy the sponding tov 3o
same as that on the marginally stable circular orbit, but de-

crease the specific angular momentum by a little amount.

Then, we can calculate the Lorentz factomatr,,s, corre-

sponding to the specific energy and the specific energy speci-

fied by Eq.(57), by

1
I'o=—(E—Lwmyd;
0 Xms( ms)

(58)

and the corresponding boundary valuesvgf andv; atr
=I'ms DY

Lrms
quO_

1/2
- 1-p2 1 (59
y Uro— — — U3~ —5 .
roai oI

0

From Egs(25) and(26), we can calculaté’, (2, v, and
v; at anyr by

1
I'=—(E-Lw), (60
X
Qmwr 2 60b
“Ot AE-Lw)” (565
L xr
V= e, 60C
¢ AVAE-Lw) (609
1/2
pim |1 X (1+ i (600)
' (E—Lw)? A ’

whereE and L are given by Eq(57). The parameter de-
fined by Eq.(42) can then be calculated with

r r
dr

"ms XUFAllz . (61

7(r)=

With the above formulas at hand, we can calculgte
B;, and Bz=B;2+B$)—(B;v;+B;5v(})2 at anyr by Egs.
(508 and (50b), giving the constanC, and the function
¥ (t—17). To determineC, and ¥, we need to specify the

Urol msXms
1/2
Amns

Qo= wmst (63

With the C, and ¥ determined above, we can calculate
B;, B, andB?= B;2+ Ba—(B;v;ﬂL B,v ;)% atanyr by Egs.
(518 and(51b). SinceB; andB, linearly depend omB;, and
Bjo. it is sufficient to study the effects &;, andB,, sepa-
rately. The results for any linear combinationRy, andB
are simply linear superpositions of the results By, and
Bjo separately.

In Fig. 3 we show the evolution results &f;, with the
boundary conditiorB;=Bj, andB;=0 atr=r,, for dif-
ferent spinning status of the black hole and different values
of & that specify the kinetic boundary conditions of the fluid.
All quantities are scaled to the mass of the black hole so we
do not need to specify the value M. SinceB; does not
depend onBj,, B; is always zero. Sincé&C;=0 andE
=constant,B;, evolves according t(B;,oc(rv;)*l. Though
in the plunging regiom decreasesy;| grows faster except at
the neighbor of ;. So the evolution 0B is dominated by
the variation ofv;. Thus, as fluid particles get into the
plunging region,B;, decreases quickly as clearly shown in
Fig. 3. This radial expansion effect is not sensitive to the spin
of the black hole, but very sensitive to the value ®for,
effectively, the initial value ofv;). As & decreasedi.e.,
lv;o| > 6Y2 decreases the fluid expands more as it gets into
the plunging region, so the value Bf, decreases more.

In Fig. 4 we show the evolution results &; (dashed
lines) and B, (solid lineg with the boundary conditior;
=B;p andB;=0 atr=rs. Though atr=r s we haveB
=0, in the plunging regiorB; becomes nonzero sinde;,
depends on botB;, andB, [Egs.(51b), (628 and(62b)].
This is the manifestation that the shear motion of the fluid in
the plunging region generat&; from B;. The radial com-
ponent of the magnetic field3; , increases gradually as the
fluid enters the plunging region, according t&;
«(rAY? =1 and blows up on the black hole horizon where
A=0. The shear motion of the fluid does not amplBy,
which echos with the fact th&; is always zero if it is zero
atr=r, (Fig. 3. SinceB; does not depend aw;, there is
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/M

) FI_G' 3. Statiqnary eyolution of an initially toroidal magnetic FIG. 4. Similar to Fig. 3 but the magnetic field is initially radial,
field in the plunging region around a Kerr black hole. Each paneli

: S - ~1.e.B;=B;p andB;=0 atr=rs. Solid lines represent the toroidal
corresponds tq a d|ff_erent spinning state of the black hole, as Indl(':omponent of the magnetic field, dashed lines represent the radial
cated by the dimensionless paramet&¥. Each curve starts from

. : ) X component. Though initially the toroidal component of the mag-
the marginally stable circular orbit rps, right end, and ends at netic field is zero, the shear motion of the fluid in the plunging
the horizon of the black holer&ry, left end. At r=r, the

A - ) region generates a toroidal component from the radial component.
magnletlc i:'EId IS pur_(?_ly toroidal _and hasl a Va'?'&)‘ ?ng the ﬂu'_d I The evolution of the radial component does not depend on the ini-
particles have specific energy identical to that of the marginally;y) inetic state of the fluid, so there is only one dashed line in each

stable circular o'rbit, and spegific angulgr momfentum s.maller tharp')anel. The four solid lines representing the toroidal component of
that of the marginally stable circular orbit by a tiny fractiéiEq. the magnetic field correspond to different valuessoflo2, 103,
(57)]. In each panel, each curve corresponds to different values 0{0—4 and 10°° (upward.

8: 1072, 1073, 10 * and 10°° (downward. The radial component

of the magnetic field is always zero. ably due to the different coordinate distances from the mar-

ginally stable circular orbit to the black hole horizon for
only one dashed line in each panel of Fig. 4. In comparisonblack holes of positive and negative spins.
the toroidal componenB;,, increases more quickly in the  In Fig. 5 we show the evolution dB* [defined by Eq.
transition region, since the shear motion of the fluid magni{28)] with the same boundary conditions in Fig. 4. As the
fies B,. This is more prominent for small values 6f(i.e. ~ fluid just enters the plunging regiomear the right ends of
small |v:o)), sinceB(;,xvfl [Eq. (51b] and v; is close to curves, B? sharply increases due to the small value$vof

. ; : . ; here, which is the manifestation of amplification effect
lc));(t))i? SFg;esﬁgﬁl\iﬁE é:sgﬁleg\;nt:rz arg:;glsr;]aal%ljtzglﬁleC'frlfjliJéalf:auseq by thg shear rotation. of the fl_uid. After that,.i.e., gfter
just gets into the plunging region, then decreases a little bitEEe f.lu'd obtains a I'a.rgel radial ve!om(yhe dashed lines in
due to the radial expansion of the fluid. Unliig, B;, is e figure, the ampllflcatlo_n effect is reduced but the expan-
always finite on the black hole horizon. We see tBatand sion effect becomes promingfsee Eq(13)]. On the horizon

' of the black holeB? is always finite, so the boundary condi-

B evolve in very different ways. . ) . e )
¢
From Fig. 4 we also see that the evolution of the magnetiéIons on the horizon is satisfigf33] and references thergin

field in the plunging region depends on the spin of the black ) _

hole, though not very sensitively. Interestingly, the toroidal B. Nonstationary solutions

component and the poloidal component depend on the spin To specify the boundary conditions for nonstationary so-
of the black hole in an opposite way. As the dimensionlessutions is a little bit complicated. As discussed earlier, to
spin parametea/M increases from zero to positive values, determine the solutions in a region with-0 and7>0 (i.e.

the shear amplification effect on the toroidal component of ,<r<r g in thet,r-space, we need to specify the bound-
the magnetic field increase@xcept for the case o  ary conditions on the axe$£0,r=0) and ¢=0,7=0), i.e.
=102 for which the amplification effect is not promingnt  specify W,(7) and¥(t) [see Eq(45)].

while the amplification of the radial component caused by As an example, let us assume thag(t) =constant, and
the compression in the azimuthal directioe., the decrease B;=0 on the axis (=0,7=0). That is the solution on the

in radiusr) decreases. But, i&/M decreases from zero to boundaryr=0 is stationary fot=0, and thefﬁ-component
negative values, the shear amplification effect on the toroidg)s ine magnetic field in the plunging region is zeratat0.

component of the magnetic field decreases, while the comzqjiyalently, we specify the boundary conditions as follows:
pression amplification of the radial component increases. The

opposite dependence for positive and negative spins is prob- Onr=rps, t=0: B;=B;, B3=0; (643
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FIG. 5. Stationary evolution 0B”=B,B? (solid curves. The FIG. 6. Time evolution of magnetic fields around a Schwarzs-
boundary conditions are the same as that in Fig. 4. The thin dashgg,jiq plack hole(i.e. a=0). Each panel corresponds to a particular
line in each panel shows the absolute value of the radial velocity,oment. Thick solid lines show the toroidal component of the mag-
(i-e. |v7]) of the fluid, corresponding t&=10"°. If we choose a petic field (ie.,Bj), and thick dashed lines show the radial com-
different value of§, the curve for the radial velocity will change ponent(i.e., B;). The thin lines show the corresponding stationary
slightly: the right end will change according F°F|“51/2' the left  state solutions. The fluid particles have specific energy identical to
end alvgays approaches (Le. the speed of light (For brevity,  that of the marginally stable circular orbit and specific angular mo-
Ig[B?/B},] and|v;| use the same scale as labeled on the left side Ofentum smaller than that of the marginally stable circular orbit by

the box in each pangl. a factor of 6=10"3. The first(left and up panel shows the initial
and boundary conditions of the magnetic field: oar g (right
On t=0, ry<r<rpys By=0. (64b) end, B3=0, B;=B;, for all time t>0; in the plunging region

(rp<r<rpd, B;=0 att=0 [i.e., Egs.(64a and(64b); the corre-
Then, if we apply Eqs(508 and (50b) to the boundary at spondingB; att=0 is automatically determined by the solutigns
r=rmsandt=0, we can solve foC, and¥,. The results The figures show that, as time goes on, the magnetic field quickly

are approaches and saturates at the state given by the stationary solu-
tions. The black dot in each panel shows the radial position of a
BFoArlrg 5 fluid particle at each moment: initially the particle isratr .
Co= E [(Qo— om@ ;o)LL o+ Xmsls (659

the solutions are smoothly matched on the lirer only in
the limit v;,=0 since then we haved¥,/dr=0=
\P2=—FOB;OA,1H/§(QO—wm4;§O). (65b) —dW¥,/dt at 7=t=0. If v;q is not zero but small|¢;q
<1), the solutions are approximately smoothly matched on

Applying Eq. (50b) to the boundary at=0 andry<r  the linet=rif |dW(r)/dr| is not large ar =r ;.

<rms, @and substituting Eq(654 for C,, we can solve for In Figs. 6—-8 we show the results for the nonstationary
v, evolution of magnetic fields. Each figure corresponds to a
different spinning state of the black hole. In Fig.a6M
(Q_wvf)rECO =0, in Fig. 7a/M=0.99, while in Fig. 8/M=—0.9. The
Vi(r)=Wqr(7)], Y.r)= > , boundary conditions for the magnetic field are given by Eqs.
(Q-wu)I'L+x (643 and(64b). The kinetic boundary conditions of the fluid

(66)  are given by Eq(57), here we assumé=10"3. In each
o i figure, each panel corresponds to the state of the magnetic
wherer () is given by the inverse of(r). The values 0B;  fig|q at a particular moment. Especially, the fifleft and up
ont=0 andry<r<rpis then determined by EG503). panel shows the initialt& 0) state of the magnetic fie[de.
With theW, andW, determined above, we can obtalh  £qg (649 and (64b)]. In each panel, the thick dashed line
by Eq. (46). This, together with the, given by Eq.(658,  ghowsB:, the thick solid line shows;, and the thin lines
allows us to calculat®; andBj with Eqs. (508 and (500  show the corresponding stationary solutions. Each curve

for any radius in the plunging region at any tire0. starts from the marginally stable circular orbight end and
Itis easy to check tha¥,(7=0)=W,, so the solutions  ends on the horizon of the black haleft end.
are continuously matched on the libe 7. Since From these figures we see that, though initially the mag-

1 netic field is deviated from the stationary state, it evolves to
dw(7) _ dWy(r) ﬂ: dWy(r) xviA 67) and finally saturates at the stationary state as time goes on.
dr dr dr dr ro’ Since we hold the magnetic field on the marginally stable
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most of the fluid in the plunging region to settle into the
stationary state. This is apparently caused by the fact that a
black hole with a negativa has a larger coordinate radial
distance from the marginally stable circular orbit to the ho-
rizon.

B, /By,
o

~

“B, /B,

e -
~eeseeeoollZzzaa

VI. CAN MAGNETIC FIELDS BECOME DYNAMICALLY
IMPORTANT IN THE PLUNGING REGION?

1.15 1.2 1.25 1.3 1.35 1.4 1.45
r/M

In previous sections we have studied the evolution of
magnetic fields in the plunging region and seen that magnetic
fields can be amplified by the converger(tee radial mag-
netic field and shear motiofithe toroidal magnetic fiejdof
the fluid. Thus, we can ask if magnetic fields can become
dynamically important in the plunging region assuming that
their dynamical effects are negligible at the marginally stable
circular orbit. We try to answer this question in this section.

1.15 1.2 1.25 1.3 1.35 1.4 1.45 1.15 1.2 1.25 1.3 1.35 1.4 1.45
r/M r/M

FIG. 7. Same as Fig. 6 but for a Kerr black hole wah\ A. Dynamical effects of the magnetic field

=0.99. Assuming that in the plunging region the gas pressure of
the fluid is negligible, then the total stress-energy tensor of

circular orbit in a stationary state foe0 [Eq.(648] and the  the fluid is

fluid moves from the marginally stable circular orbit toward

the horizon of the black hole, the stationary state propagates TaP= puuP+TEy, (68)

from the marginally stable circular orbit toward the horizon _ _ )

of the black holei.e., from right to left in the figurés This ~ Wherepy, is the mass-energy density of the fluid matter mea-

is clearly seen in Figs. 6—8: the magnetic field at a radiusured by an observer comoving with the fluitgy, is the

closer to the right end of the curve gets into the stationanptress-energy tensor of the electromagnetic field as given by

state earlier. In each panel, with a black dot we show thd=q.(5). Then, the equation of motion of the fluid is given by

position of a particle that is at the marginally stable radius at

t=0, which clearly shows the propagation of the state of the

magnetic field with the motion of the fluid. This suggests that , . - ab

the stationary state of the magnetic field in the plunging re- When Maxwell's equations are satisfied we hayd gy

_ _rab b_
gion is uniquely determined by the boundary conditions at~ —F" Jb [26]. Then, by Eq(2), we haveu,V, Ty =0 fora
the marginally stable circular orbit. magnetic field frozen to the fluid. Therefore, the contraction

The figures also show the dependence of the evolution off Un With Eq. (69) leads to the equation of continuif4]

the magnetic field on the spin of the black hole. For a black V-0 Ji= a (70
hole with a negativa a longer coordinate time is needed for alm= % Im=PmU", )

V,T30=p udV,uP+ uPV,(pud) + V, T2 =0. (69

whereJZ, is the flux density vector of mass. The equation of
continuity does not explicitly contain magnetic field vari-
ables. Since 4/dt)? and (@/d¢)? are Killing vectors, Eq.
(69 leads to the conservation of angular momentum and
energy

V,J2=0, V,J2=0, (70)

2 3 [} S 6 7 8 2 3 4 E 6 7 8 Where

1
Lud— EBd)Ba (72)

b 1
t={ ] T ot 28

is the flux density vector of angular momentum,

b
a_ i T a:
E™ ot b

is the flux density vector of energy.
FIG. 8. Same as Figs. 6 and 7 but for a Kerr black hole with Here we look for stationary and axisymmetric solutions in
a/M=-0.9. the plunging region. Then, with the assumptions adopted in

p +i|32 Eua+iB B2 (73
M 4 4o ¢

044007-10



EVOLUTION OF MAGNETIC FIELDS AROUND AKERR.. .. PHYSICAL REVIEW D 67, 044007 (2003

this paper, i.e.d/ldt=al9¢p=0, u’=B?=0 and du?/96 .
=9BY36=0, in the equatorial plane the equation of conti-
nuity is reduced to 305 FRE
d ;" .
—(rppu")=0. 74 7 3
dr -1.5 -1.5
aM=0 aM=0.5
Similarly, the equations of angular momentum and energy ° > o = ° 2w Ly
conservation are reduced to
/. +1BZL’ 1BBr 0, (75 0 0
pealld T u—-— =0, 3 =
ar Pm 4 4@ (75 g0 &
€ -1 g -1
and 5 2
-1.5 -1.5
aM =099 aM=-09
d r2 + 1 BZ Eur+ 1 B Br _0 (76) .15 1.2 1.25 1/.3 1.35 1.4 1.45 2 3 4 5 6 7 8
J— R —_— =0. /M /M
dr P 27 4ot
FIG. 9. Stationary evolution of the mass density in the plunging
The solution of Eq(74) is region around a Kerr black hole. Each panel corresponds to a dif-
ferent spinning state of the black hole, as indicated by the values of
E = a/M. The right end of each curve corresponds to the marginally
Pm= nz] [= ml/ , (77) stable circular orbit (=r.g. The left end of each curve corre-
4mr2u” Anl yAY%; sponds to the horizon of the black hole<(r ). The kinetic bound-

ary conditions are given by E@57). In each panel the four curves
where F,=47r2J] is a constant to be determined by the correspond, respectively, ®=10"2, 10 %, 10 * and 10°® (down-
boundary conditions, which measures the mass flux acrossard. The mass density is in units pf,c—the mass density at the
radiusr. Figure 9 shows the variation of the mass densitymarginally stable circular orbit.
with radius in the plunging region, assuming that fluid par-
ticles move on geodesics. The kinetic boundary conditions In Ed. (78), p, is given by Eq.(77), B? is calculated by
are given by Eq.(57). In each panelcorresponding to a Eg.(28) (settingv;=B;=0), B,B" andBB' are calculated
different spinning state of the black hpleve show the ratio by
of pm/ pmo corresponding to four different values &f 10”2,

102, 10 % and 10°°, wherep,=p(r=r,9. We see that XA _ xA? s
the evolution of the mass density of the fluid sensitivelyBsB :r_gB?B&Sv BB =— .3 Bi(xrBrur+ AT B Q).
depends on the value & (or effectively, the value ofv;o| (80)

= 5'2). While for not very smalls (e.g.,6=10"2) the varia-

- . B _ 75
tion of p, is not dramatic, for very smab (€.9.,6=10"")  Near the marginally stable circular orbit, we hajeg /v |
the variation ofp,, is dramatic: as the fluid gets into the <1, E=LQ, and BB'~—0B,B'". Therefore, from the

plunging region the mass density drops sharply. This igjefinitions of 7, and 775, we have
caused by the sharp increase in the ratitv;g in the plung- ’

ing region for smalls. QL

From Eqgs.(75) and (76) we see that the dynamical role N3~ f772< 72, (81
played by the magnetic field is characterized by the follow-
ing three dimensionless parameters

atr=r..
5 ; ; From Fig. 9 we see that for smafl the mass density,
n= B _ B,B _ BB drops quickly as the fluid enters the plunging region. How-
Y dmpy’ AmpLut|’ AmpEU| ever, the evolution 0oB? in the plunging region sensitively

(78  depends on the orientation of the magnetic field on the mar-
ginally stable circular orbit. From Fig. 5, the value Bf

The parametety; measures the transfer of angular momen-corresponding to an initially radial magnetic field increases
tum and energy from the fluid particles to the magnetic field;as the fluid enters the plunging region because of the conver-
7, and 3 measure the transportation of angular momentungence of the radial magnetic field and the shear amplification
and energy from one part to another by the magnetic tensioaf the toroidal magnetic field. If the initial magnetic field is
in the rest frame of the fluid. To justify the assumption thatpurely toroidal, on the other hand, from Fig. 3 we see that the
the effects of the magnetic field on the dynamics of the fluidmagnetic field keeps purely toroidal in the plunging region

particles are negligible, we must require that and the dilution effect arising from the drop in the mass
density makesB; (and thusB?) decrease in the plunging
m<l, n<<l, n3<l. (79 region. Therefore, in the plunging region the variatiornQf
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772, and n3 sensitively depends on the boundary condition of
the magnetic field on the marginally stable circular orbit. We
can imagine that, if on the marginally stable circular orbit the -3 -3
magnetic field is purely radial, then in the plunging region £
B2 increases so the ratig, also increases gs, decreases. "~
In such a casey,; may become close to or even greater than -4 -4
1 in the plunging region even if it is<1 on the marginally M =0 ¥M=05
stable circular orbit, then the dynamical effects of the mag- 2 o ¢ VL
netic field become important in the plunging region. On the
other hand, if on the marginally stable circular orbit the mag- -
netic field is purely toroidal, then in the plunging regiBA 28
decreases which causes to decrease also B? decreases -3

o

faster tharp,,. Therefore, to correctly estimate the dynami- £

cal effects of magnetic fields in the plunging region, we must™ a5

choose a sensible boundary condition for the magnetic fielc -

on the marginally stable circular orbit. oM =099
The magnetic field on the marginally stable circular orbit 151.21.251.31.35 1.4 1.4 2 3 4 356 7 8

is determined by the MHD processes in the disk region. In

the disk region (>r,,J, particles move on nearly circular ~ FIG. 10. Stationary evolution of the ratig,=B?/4mp, in the

orbits with |v;|<|v;¢,|. As a disk particle moves a finite dis- plunging region. Each pane_l cprresponds to a different spinning

tance in the radial direction, it has undergone an infiniteSt&te Of the black hole, as indicated by the valuesail. The

number &1) of turns around the central black hole. As a Xinetic boundary conditions are given by E§7). The boundary

result, the magnetic field lines frozen to the fluid are woundo"diions for the magnetic field are: on=rps we have B,

up around the center an infinite number of times. Therefore_ 002 N units of (47pmo) . The corresponding; is calculated

in a stationary state, we expect that the magnetic field in thgv ith Eq. (85 so that the magnetic field is always parallel to the

. . . . . velocity field. In each panel the four curves correspond, respec-
disk region is predominantly toroidal. In the Appendix we tively, to =102, 103, 104 and 10 ® (downward. Each curve

;olve Maxlwell’s equations in the ‘?"S'f re@!ion and_ Sh_OW, thatstarts from the marginal stable circular orsight end and ends at
in the stationary state the magnetic field in the disk is likelyiha horizon of the black holdeft end.

to be parallel to the velocity fieldB?/B"=u®/u". Thus, in
the stationary state, on the marginally stable circular orbit the

magnetic field does not take any orientation but the one that'Y. cqnditi_on(84) Is satisfied. A”:Fms the toroidal mag-
satigsfiesl thle following condition'y ! lon bu netic field is assumed to &;=0.05 in units of (4rp,) ",

the corresponding radial magnetic fiebd is then given by
BoU’ Eq. (85). The parameteb is taken to be 10%, 103, 10 *

=1. (82 and 10 °, alternatively. The results are shown in Figs. 10
B'u? and 11. From these figures we see that in the plunging region

) i ) o the evolution of#,, 7, and 75 sensitively depends on the
On the marginally stable circular orbit, E@2) implies that  \,5jue of 5. For very smalld, 71, 7, and 75 quickly de-

o
=
3.5 5 -3.5

lgm

|Bi|<|By| sincelvi|<[vyl. crease as the fluid gets into the plunging region. This is
From Egs.(483 and(48b), we have caused by the fact that a very smdll(i.e., a very small
oot |vio| < 6¥) corresponds to a very smaB;,| according to
Bu v the boundary conditioi82), while the magnetic field in the

(83 plunging region is predominantly determined W§;q| in-

stead of|Bj| (see Figs. 3 and)4 For a moderate’ (e.g.,
Then, Eq.(82) is satisfied if and only if =0 on the mar- J= 10°2), 5,, 7, and 3 may increase in the plunging re-
ginally stable circular orbit. In the stationary stafe is a  gion. However, even in this case, the conditions in &§)

=1+ .
B'u¢ (—Cou+Wuy)u?

constant, so we have are always satisfied throughout the plunging region.
¥=0 (84) B. Self-consistent solutions to the dynamical equations
throughout the plunging region. Thus, in the stationary state, If we insert the solutions of Maxwell's equations that we
Eq. (82) holds throughout the plunging regi$85]. obtained in Sec. IV into Eqg75) and(76), then apply Eq.
Inserting Eqs(32) and (33) into Eq. (82), we obtain (77), we obtain
. . d
Bi __ Eru (85 g (Fal +47r2Tey /) =0, (86)

B, TIAY30—wr?)’

We have calculatedy;, 7,, and »3 in the plunging re-

d
— — 2 r—
gion, assuming that they all arel atr =r,cand the bound- dr (FmE =4 Tey, ) =0, (87)

044007-12



EVOLUTION OF MAGNETIC FIELDS AROUND AKERR.. .. PHYSICAL REVIEW D 67, 044007 (2003

- 2Maci
g™ PPyt F ot @
Ky U,= .
L ¢ cs 2M
g-3s 1+r2ur 1_T
™ 55— Then, from g®Puu,=—1 and u,=g,,u", we obtain the
o equation foru’
f2
n2_ _ _ E
. (ru") Al 1l oM
o 1_ R
ol r
P 2Ma ( 2m) 1’
1 r e A"
15 1.2 1.25 ;/S 1.35 1.4 1.45 7 3 4 LA - oM Cé oM . (93)
== 1+ (1——)

FIG. 11. Same as Fig. 10 but for the ratiog, reu’ r
=|B4B'/(4mpyLu")| (solid curves and n3=|BB"/(4mp, EU)] ) )
(dashed curves Though the factor (+2M/r) appears in the denomina-

tors on the right-hand side of E¢R3), r=2M is not a sin-

where gularity of the equation, since the factor{2M/r) disap-
pears from the denominators if we expand the second term

on the right-hand side of E¢93), then combine with the first
CoA term. However, the factc{r1+(cS/rzur)(l—ZM/r)] repre-
Temg == Py (Cou?+wuh), TEM,tr:C_OTEM,qbr' sents a singularity of Eq93) at
o 1+ % (1 M =0 94
2 s (94

When ¥ =0 [i.e., Eq.(82) is satisfied in the plunging re-
gion], we haveTgy,"=0. Then Eq.(87) implies thatE The differentiation of Eq(93) with respect tou’ gives

keeps constant in the plunging region. However, sincgjse to another singularity of the equation, which is at
Tewms #0, by Eq.(86) L varies in the plunging region.

Therefore, for the solutions satisfying the boundary condi- ) cg 2m -,

tion (82) [or, equivalently, Eq(84)], the specific energy of uu’ = ——| 1= T—fE =0. (99
particles is conserved but the specific angular momentum ru

changes. This singularity appears as one differentiates @) with

SettingL=u,, E=—u;, and¥ =0, Egs.(86) and(87)

. , respect tar to obtain a differential equation far'.
can be integrated to obtain

If we define the relativistic Alfva velocity by

Ba
ciAu? P (96)

— C ]
Ugt — 5= fL, (89) AT ampt B2

then we have

u="fg, 90
CF (90 c 2M 1 CarCa"
1+ > 1—T = 2 1- Y (97
where r<u 1-cji uu
and
CO FL FE
Co= , = . fe= , 91 cl 2M c2
* J-F., " -Fa' F -Fq oy Ol = —f2|= 2 (98)
rau’ r 1-ci

whereF =4mr2)] and Fg=4nr2J¢ are constants measur- whereciEcAacAa<1. Therefore, the singularities given by
ing the angular momentum flux and the energy flux acros€gs. (94) and (95) are critical points related to the Alfne
radius r, respectively. Usingu®=g%?u,+g?u,, we can speed: the Alfva point[Eq. (94)] and the fast critical point
solve Egs(89) and(90) for uy [Eg. (95)] [36,37.
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Since we have assumed that the gas pressure is zero, tt 0
slow critical point is atu'=0 which is not relevant to us
here. The Alfve point is not an X-type singularity and it
does not impose any additional conditions on the solution for -1}
u" except setting the integral constdi@6,37]. Therefore,
what is really relevant here is the fast critical point given by
Eq. (95. For weak fields, we expect that the fast critical _ _,][
point is located at a radius close to the marginally stable§
radius, where the accretion flow transits from subsonic mo-5.
tion in the disk region to supersonic motion in the plunging o sl
region [6,7,9. Any physical solutions must smoothly pass
the critical points; this requirement sets strict constraints on
the integral constants.

It is far beyond the scope of the current paper to fully
explore the properties of critical points in detail. However, as
a first order approximation, we can assume thatr .,

-4t

wherer is the radius at the fast critical point. Then, from Eq. o1 05 0 05 1
(95) we have the radial velocity of the fluid at=r g a/M
2 1/3 FIG. 12. The change in the specific angular momentum of fluid
Uh~ — CoAms 1+ 2_ 42 (99) particles as they approach the event horizon of the black [limie
0 ré Mms © (102, as a function of the spin of the black hole. It is assumed that

the fast critical point is at~r,s. The magnetic field is parallel to

If we setr=rcin Eq.(93), then substitute Eq99) into Eq. the velocity field of the fluid, then the specific energy of fluid par-
(93), we can solve for the constaft, as a function ofc, ticles keeps constant in the plunging region, which we have as-
andfe. Therefore, for solutions that smoothly pass the criti-Sumed to be equal to the specific energy of a particle moving on the
cal points, among the three integral constarys fg, and r_narglnally stat_)le cnrcu_lgr orbit. The bc_)undarg value of the magnetic
f,, only two are independent. field atr=r, is specified by. the ratiap,=B*/4mp,,. The trlrfe

Without explicitly solving the radial flow equation, i.e. CSUrves correspond to three different valuesygfatr =rms: 10°%,
Eqg. (93), we can also obtain some interesting results on the? and 10 (downwarg.
horizon of the black hole. SincA—0 asr—ry, from Eq.

(93) we have energy is equal to that of a particle moving on the marginally

stable circular orbit. Then, we havg=—Es. From Egs.
o232 (98) and(99), on the marginally stable circular orbit there is
UL:o_4 + r_(fE_ Quf), (100 a one-to-one correspondence betweérand
My H
B2 ca

whereup=u'(r=ry). Then, from Eq.(92), we can obtain _ _ _
dmpn 1—Ci

the specific angular momentum for particles atry

71 (103

Therefore, we usey; atr =r ,,sto specify the boundary value
of the magnetic field, theng is determinedup to a sign—
which is not relevant hejeThen, with the above approach,
Equation (90) says that, with the boundary condition f is determined as a function ef; andfe. We have chosen
given by Eq.(84), the specific energy of fluid particles does 7; to be 102, 1073, and 10*, alternatively.
not change in the plunging region. However, the specific From Fig. 12 we see that, thoughis not constant in the
angular momentum of fluid particles does change. The spe?lunging region, its variation is extremely small, if on the
cific angular momentum for particles on the marginally marginally stable circular orbit the dynamical effects of the
stable circular orbitLy, can be calculated from E¢92) by magnetic field on the motion of the fluid particles are negli-
settingr =r . Then, by comparing.,; to Lo, we can see gible (thenn;<1 atr=rJ. Asa/M increases from-1 to
how much has changed in the specific angular momentum &, the variation in the specific angular momentum decreases,
particles move from the marginally stable circular orbit to caused by the fact that the coordinate distance between the
the black hole horizon. We have calculated the ratio marginally stable circular orbit and the event horizon de-
creases with increasing/M. For a black hole witha/M

a
Ly=—f +—cp. (101
My

AL 1 =0, we havglAL/L|<3% if ;<10 2 onr=r . For the
T L_O(LH_LO)' (102 extreme case cd/M =1, we havg AL/L|=0, i.e. the spe-
cific angular momentum does not change at all. For the ex-
and presented the results in Fig. 12. treme case ob/M=—1, which has the largest coordinate

To make the solutions smoothly joined to those in the diskdistance from the marginally stable circular orbit to the event
region, in our calculations we have adopted that the specifiborizon, the variation irL is largest. However, even in this
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FIG. 13. Same as Fig. 12 but for the ratiB/4mp,, (solid
curves andca,C,'/u,u” (dashed curvesatr=ry.
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Equations(105 and (106) imply that fluid particles always
supersonically fall into the black hole. The numerical results
in Fig. 13 confirm this conclusion.

From Figs. 10-13, we can demonstrate that when the
boundary condition82) [or, equivalently,(84)] is satisfied,
the dynamical effects of magnetic fields in the plunging re-
gion are unimportant if they are so on the marginally stable
circular orbit.

VIl. SUMMARY AND DISCUSSION

With a simple model we have studied the evolution of
magnetic fields in the plunging region around a Kerr black
hole. The model contains the following assumptioii$:The
background spacetime is described by the Kerr metég;
the plasma is perfectly conducting so that the magnetic field
is frozen to the plasma fluid3) the kinematic approximation
[10] applies, i.e. the dynamical effects of the magnetic field
on the fluid motion are negligible so that the plasma fluid
flows along timelike geodesics toward the central black hole;
and(4) in a small neighborhood of the equatorial plane.,

case, the variation in the specific angular momentum is alspm/2— 6|<1) the magnetic field and the velocity field have

not big: |AL/L|<17% if ;<1072 onr=r .

For the same models we have also calculated the ratios
andca,Ca'/u U atr=ry, and presented the results in Fig.
13. Because of Eq103), the value ofz, is given by the
left-hand side of Eq(98). The ratioc,,c,'/u,u’ can be cal-
culated by

r 2¢2
CarCa cofe

2M
C%( fé_ 1+ T) —rzur

(104

u.u’

From Fig. 13 we see that bo®?/4mp,, (solid curve$ and
CarCa' /U U" (dashed curvesare small atr =ry. For a/M
=0, both are<0.03 if ;<10 2 atr=r,. The ratios go
down asa/M increases. Even for the extreme caseatl
=—1, the ratios are also not big atry, if ;<10 2 atr
=I'ms. BY4mp,<0.18 andcp,C,"/u,u"<0.07.

Equation (100 implies thatuy, is always finite. Then,
uu'=(r?/A)(u2—= atr=ry sinceA(r=ry)=0. Then,
Eqg. (104 implies thatca,c,'— also atr=ry since its
right-hand side is finite. However, from E@®7) we have

r
CarCa

<1, (105

u.u’

r=ry

since 1-2M/r=—a?/r? anduf,<O0.

Sinceuy, is finite, Egs.(98) and (103) imply that 7, is
also finite atr =ry. Then, sincas,u"—co atr=r,, we must
have

2/ 1— 2
Cal(1—cp) (106

only radial and azimuthal components. The assumptn
implies thatu’=B?=0 and du%96=39B%96=0 on the
equatorial plane. With the above assumptions, we have ex-
actly solved Maxwell's equations for axisymmetric solutions
(i.e. 9/d¢p=0). The solutions are given by Eq&l8g and
(48b) [or, equivalently, Eqs(509 and(50b)], whereCy is a
constant measuring the magnetic flux through a circle in the
equatorial plane, an® is a function determining the time-
evolution of the magnetic field. Bot&, and ¥ are deter-
mined by the boundary conditions.

The dependence of the solutions on the coordinate time
is given by the functionV =WV (t— 7), wherer= 7(r) is de-
fined by Eq.(42). The functionV is uniquely determined by
the initial and boundary conditions of the magnetic field. The
general form of¥ determines the retarded nature of the so-
lutions: at any time the state of the magnetic field at a radius
in the plunging region is determined by the state of the mag-
netic field at a larger radius and an earlier tiffégs. 1 and
2). This suggests that the stationary state of the magnetic
field in the plunging region is uniquely determined by the
boundary conditions at the marginally stable circular orbit.

Examples for the evolution of magnetic fields in the
plunging region are shown in Figs. 3-8, for both the station-
ary case W=constant, Figs. 395and the nonstationary
case +#constant, Figs. 698 From these figures we see
that the boundary value of the radial component of the mag-
netic field at the marginally stable circular orbit is more im-
portant in determining the strength of the magnetic field in
the plunging region than the toroidal component. The ini-
tially toroidal component is attenuated in the plunging region
by the radial expansion of the fluitFig. 3). The initially
radial component is amplified by the azimuthal and vertical
compressionthe convergence of the fluidand a toroidal
component is generated from the radial component by the
shear motion of the fluid though the toroidal component is
initially zero at the marginally stable circular orlifig. 4).
This leads to the amplification of the magnetic field in the
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plunging region(Fig. 5). The evolution of the magnetic field they remain so in the plunging regiaffrigs. 10 and 11
depends on the spinning state of the black hole, but is mortndeed, »,, 7, and 553 decrease in the plunging region for
sensitive to the initial value of the radial velocity on the sufficiently smalljv;| on the marginally stable circular orbit.
marginally stable circular orbitor, equivalently the param- Second, we self-consistently solve the coupled Maxwell
eter § defined by Eq(57)]. and dynamical equations on the horizon of the black hole,

The time-evolution of magnetic fields shown in Figs. 6-8and check how much has changed in the specific angular
confirms our claim that the stationary state of the magneticnomentum of fluid particles since they leave the marginally
field in the plunging region is uniquely determined by thestable circular orbit. The specific energy of fluid particles is
boundary conditions on the marginally stable circular orbit.not changed by a magnetic field that satisfles 0 [see Eq.

If in the plunging region a magnetic field is initially deviated (90)]. However, the specific angular momentum does change
from the stationary solutions, it will evolve to and finally get [see Eq.(89)]. We have calculated the specific angular mo-
saturated at the state given by the stationary solutions in snentum of fluid particles as they reach the horizon of the
dynamical time scale determined by the free-fall motion ofblack hole, assuming that the fluid particles pass the fast
fluid particles in the plunging region. If the magnetic field on critical point near the marginally stable circular orbit. The
the marginally stable circular orbit is in a stationary state, thedeviation from the specific angular momentum as the par-
magnetic field in the plunging region will automatically ticles just leave the marginally stable circular orbit is shown
settle into a stationary state. Thus, the evolution of magnetiin Fig. 12. We see that, though the specific angular momen-
fields in the plunging region is very different from that in the tum of fluid particles is changed by the magnetic field, the
disk region, in the latter case the state of the magnetic field isffects are always small assuming that on the marginally
determined by the local MHD processes. The difference istable circular orbit the dynamical effects of the magnetic
caused by the following fact: in the disk region the fluid hasfield are not important. For example, fafM=0 we have

a very small radial velocity so that local MHD processes|AL/L|<3% if ;<102 on the marginally stable circular
have shorter time scales than the radial motion; in the plungerbit. We have also calculated the ratigg=B?/4mp,, and

ing region the fluid has a large radial velocity so that localc,,c,"/u,u” on the horizonFig. 13, wherec,' is the radial
MHD processes usually have longer time scales than the r&omponent of the Alfve velocity. These two ratios are rel-
dial motion. evant to the critical points in the flofsee Eqs(97), (99),

In deriving the solutions we have assumed that the dyand(103] and measure at what level the magnetic field af-
namical effects of the magnetic field in the plunging regionfects the motion of the fluid. Figure 13 shows that their val-
are unimportanfthe kinematic approximation adopted in as- ues on the horizon are quite small.
sumption(3)]. To justify this assumption, we have studied Both approachegbackreaction and self-consistent solu-
the dynamical effects of magnetic fields in the stationarytions) confirm that the dynamical effects of the magnetic
state in two ways. First, we estimate the dynamical effects ofield are unimportant in the plunging region if they are so on
magnetic fields by considering the backreaction: substitutinghe marginally stable circular orbit.
the solutions of Maxwell's equations we obtained, where we Our results differ from that of Gammid 2], in which he
assumed that fluid particles move on geodesics, into the dyelaimed that in the plunging region the dynamical effects of
namical equations to check if the motion of the fluid is sig- magnetic fields can be important. The difference is caused by
nificantly affected by magnetic fields. In this way, we esti-the fact that Gammie used a boundary condition that is dif-
mate the dynamical effects of magnetic fields on the motiorferent from ours for the magnetic field. Gammie assumed
of the fluid by calculating the parameteis, 7, and 3  that¥=—-Q,C,, whereQ,,is the angular velocity of the
defined by Eq.78). The mass density of the fluid, which disk at the marginally stable circular orbit, while we assume
appears in the denominators 9f, 7, and s, drops quickly  that ¥ =0. Gammie's boundary condition implies that
in the plunging region ifv;|<[v ;| on the marginally stable =0 atr=r, (as clearly stated in his papewhich makes
circular orbit (Fig. 9). However, the evolution of the mag- r=r . a singular point where,,= (to keep the mass flux
netic field, which appears in the numeratorssgf, 7, and  F_ nonzerd. Hence, Gammie’s solutions are not well-
73, sensitively depends on the orientation of the magnetibehaved at the marginally stable circular orbit. Our boundary
field on the marginally stable circular orbit, the latter is es-condition allows the solutions in the plunging region to be
sentially determined by the MHD processes in the disk resmoothly joined to the solutions in the disk regitsee the
gion. If we require that the solutions in the plunging region Appendiy, since in our solutions all physical quantities are
are smoothly joined to the solutions in the thin Keplerianfinite at the marginally stable circular orbit. Certainly, to pre-
disk region, then it is reasonable to assume that on the magisely take care of the transition from the disk region to the
ginally stable circular orbit, as well as in the disk region, theplunging region, gas pressure and nonelectromagnetic stress
magnetic field is parallel to the velocity field'/B®  must be properly taken into account near the inner edge of
=u'/u? (see the Appendix This implies that for the solu- the disk.
tions in the plunging region we should hawe=0 [Eq. As mentioned in the Introduction, recently the “no-torque
(84)], i.e. the orientation of the magnetic field follows the inner boundary condition” for thin accretion disks has been
orientation of the velocity field of the fluifEq. (82)]. With  challenged by some authofscluding Gammig based on
such a boundary condition, we have calculaigd 7, and  their studies on the evolution of magnetic fields in the plung-
73, assuming that particles move on geodesics. We see thahg region[11,12,16,1T. The results in this paper suggest
if they are<1 on the marginally stable circular orbit, then that in the plunging region the dynamical effects of the mag-
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netic field are not important if the solutions in the plungingwhereA andA are defined by Eq(17) with 6= 7/2.

region are smoothly joined to the solutions in the thin Keple- The Maxwell equations that we need to solve are again

rian disk region. Thus, the argument against the “no-torquegiven by Eg.(31), but now we havex“=(t,r,¢,z) and

inner boundary condition” is not founded. J—g=r. As in the case for the plunging region, we assume
Finally, we note that in the paper we have neglected disthat the motion of fluid particles is stationary but the evolu-

sipative processes like magnetic reconnection and ohmic dision of the magnetic field can depend on time, i.e., we let

sipation, and the evaporation effect arising from the magsu®/gt=0 but keepsB%/4t in the Maxwell equations. Fur-

netic buoyancy and MHD instabilities. These processeshermore, we assume that in a small neighborhood of the

operate in disks to limit the amplification of magnetic fields disk central plan@?=B?=0 so thatju? dz=dB* dz=0 on

([10,38,39 and references therginCertainly it is conceiv- the equatorial plane. Finally, we adopt®/d¢=3B*/d¢

able that they can also operate in the plunging region te=0 because of the axisymmetry of the system. Then, on the

reduce the amplification effect of magnetic fields. If theseequatorial plane Eq:31) is reduced to

processes are important, the results of this paper tend to

overestimate the amplification of magnetic fields in the

plunging region. Then, the dynamical effects of magnetic E[r(

fields should be weaker than that we have estimated without

considering dissipative processes, which will strengthen our Equation(A2) can be solved with the same approach as

conclusion that the dynamical effects of magnetic fields aréhat used in Sec. IV. The solutions are

unimportant in the plunging region.

d
u'Bf—ufBY]+ E[r(urBﬁ— ufB"]=0. (A2)

1
B'=—(—Cou+Wauy), A3a
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APPENDIX: MAGNETIC FIELDS IN THE DISK REGION

1
. . . . . Wy=—(rB"+Cq uy). (A4)
In the disk region >r .9, viscosity plays an important Uy ’

role in the dynamics of disk particles. The viscosity trans-

ports angular momentum outward and dissipates energfiSSume that as—cc the disk is Keplerian so that,=L

which leads to disk accretion. So, in the disk region, particle§r1/2 andu;=—E~1, andrB' keeps finite, then we must
move on nongeodesic worldlines. have

In the vertical direction, the gravity of the black hole is imw =0 (A5)
balanced by the gradient of the total pressurayés pressure e >

+radiation pressuremagnetic field pressuyein the disk.

Therefore, in a small neighborhood of the disk central planeEquation (A5) has an important implication for stationary
disk particles are more likely moving on planes parallel tosolutions. For stationary solutions we hade,=constant,
the equatorial plane, rather than moving radially as in thehen by Eq.(A5) we must have¥;=0. So, for stationary
plunging region. To describe such a motion, cylindrical co-solutions we have

ordinates {,r,¢,z) are more suitable, whereand ¢ have

the same meaning as those in the Boyer-Lindquist coordi- B — CoE (A6a)
nates, to the first orderalso has the same meaning as that in r’
the Boyer-Lindquist coordinates, but=r(w/2— 6) where
|m/2—6|<1. CoEU?

In the cylindrical coordinates, in a small neighborhood of BY=— P (A6b)
the disk central plane the Kerr metric can be writterf4s ru

oM IMa ;2 A where we have used,= —E. _
ds2= — ( 1— _) dt?— ——dtdd+ —dri+ —d¢?+d 2, From Egs.(A6a) and (A6b) we haveB?/B"=u®/u", i.e.
r r A r2 in the stationary state the magnetic field lines are parallel to

(A1) the fluid motion.
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